Question 1

] (a) A vertical uniform column of length L has Young’'s modulus E, density p,

and cross-sectional area A. The column is fixed at the top (z = 0) and bottom (z = L) as

shown in Figure la. The effect of the column’s self-weight on its axial deflection can be
neglected for the whole of this question.
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Fig. 1

(i)  Write down an expression for the mode shapes of axial vibration of the

column and sketch the first three mode shapes. [10%]
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(i) A second column of half the length, but which is otherwise identical, is fixed
at the top (z = 0) and is free at its end (z = L/2). Sketch the first three mode shapes

of this column and identify how they relate to modes of the original system. [20%]
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(b) The half-length column is used to support a mass M as shown in Figure 1b. The
column and mass are initially at rest, when suddenly the connection between the column
and the mass fails at time r = 0 such that the mass falls freely. The general solution y(z.7)

for axial vibration of a column can be written in terms of two components y; and y;:
Y(z,t) =yi(z—ct)+ya(z+ct)

(i) What is the physical interpretation of v and y,. and what is ¢ in terms of the

properties of the column? [10%]
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(ii)  What are the initial conditions y(z.t) and ¥(z,7) of the haltf-length column at
time t = 07 Note that the static axial stiffness of a column of length L is given by
EA/L. [5%]
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(iii) If the initial conditions for the full-length column were identical to the half-
length column for 0 < z < L/2 and symmetrical about z = L/2, justify why the

response of the two columns would be identical for 0 < 7 < L/2. [10%]
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(iv) By considering the equivalent initial conditions for the full-length column

derive an expression for the initial functions y;(z) and y»(z) at time 1 = 0. [10%]
W' L"ﬁb\ ;/\' \‘\A LMA:\'\»’) 3
A J-

ﬁ}. 1

1EA ':
\
- >

YA ) = 4. G-ct) g (zad)
4@o) = 4.6) < 9@)= g . —— O

%(%10330) = /cj"-—roj{'z— ®)
—:\ lj'/:‘j-;,

5° 4 =D K @
D=0 > 14, rK=ye s0 9= 9K
’ K
Moy, = E1E

-
Carn oo k=0 y ¥ YT Y =‘3°/z /

3C6 2018 Page 4



(v) Using the results above and by considering the boundary conditions of the
equivalent full-length column at z = 0 and z = L find conditions on y; and y> that
determine the transient response. [20%]
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(vi) Sketch the axial displacement y(z) at times 7 = 0,7 = 0.25L/c, and t = 0.5L/¢

for the half-length column after the mass has been released. [15%]
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Question 2

"

A beam of length L is shown in Figure 2(a). The beam is made from a material

with Young’s modulus E and density p, and the cross-section of the beam has a second
moment of area /.
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Fig. 2

(a)  The beam is pinned at x = 0 and free at x = L, and the lateral deflection of the beam
is v =wv(x.1).

(i)  Starting from the equation of motion for a beam, derive an expression whose

solutions give the wavenumbers &, for the modes of the beam. [30%]
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(ii)  Sketch the mode shapes corresponding to the first three natural frequencies. [20%]
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(b) A spring of stiffness k connects the same beam at x = L to ground as shown in
Figure 2(b).

(i) Using a transfer function approach derive an equation whose solutions give
the natural frequencies of the modified system, in terms of the spring constant k.
and the original mode shapes 1, (x) and natural frequencies @, of the unmodified
beam. [209%]
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(i1))  Using the function u(x) = x as an estimate for the first mode shape, use
Rayleigh’s principle to derive an approximate expression for the first natural
frequency of the combined system. Comment on the validity of the assumed mode
shape function. [20%]
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(iii) Sketch the mode shapes for the first three modes of the modified system for

the case when the stiffness is large, i.e. k — eo.
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