Engineering Tripos 1A paper 4, 2017, crib; Carl Edward Rasmussen

Section A
Question 1
Use sin(x) = x — x3/6, so sin{x7} = x” — x2! /6 and sin’ (x) = (x —x3/6)7 = x’(1 —x2/6)7, Therefore

sin(x”) x’ —x2/6 1-xM/6
sin'(x) X (1-x2/67 _ (1-x7ey — Lax>0

Question 2
We have =273 = 23 = ;2 = 3{(~1)1/3, therefore z = re'®, where + = 1 and 30 = w+ 2mn, so
z=1el® g = +7%, 7. In Cartesian coordinates z = i+ 34511, ~1,

Question 3

Inserting xn = A™ in xpu42+%n41—2%, =0 gives AZ4A=2 = (A+2){A-1)=0=>A==20r 1. The general
solution is x, = al™+b(—2)". The boundary condition xg = 2 gives a+b = 2,50%n =a+ (2 —a)(-2)"

orxn =2 —b+ b{-2)".

Question 4
a. Wehave x> —3x+2=0= (x - 2){(x—1)=0,i.e. x =1 or x =2, At these two points f{x) = g{x)
gives1 =+ B and 22 =2a+ B, yielding a = 3, g = —2.

b. f(x) = x* = exp(log(x*}), so f'(x) = x*(log(x) +1). Alternatively, using the hint and chain rule:

df(x}/dx = df(x)/dlog f(x) x d og f(x)/dx, where dlog f(x)/dx = log(x}+1 and df(x)/d log f(x) =
{dlog f(x)/df(x)) ! = (1/f(x))~1 = f(x) = x* combining which gives the desired resulr.

¢. Graphs intersect at right angles at x = 1 if (1) = g{1) and f'(1)g’(1) = —1. This givesl=o+ 3
and (1 + log(1)) = —1 with solution & = -1, =2.

Question §
a, Eigenvalues are
-A a 0
der(A—AD) =1 a A a | =-AN-a))+a’A = AA2—2a2) = 0 = A = 0,2v3a
0 a -=A

b. det(A — (A —b)I=0,s50 A, = A, + b. Largest eigenvalue is b + v/2lal, therefore b = —v2]al.

c. Middle eigenvalue is 0. Solving Ax = 0 gives x = (¢,0,~c)7, which normalizes to :f:7’_,:(1, 0,-1)7.
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Section C

Question 11

a. Algorithmic complexity describes how the run time of an algorithm varies with the size of a problem,
e.g. the number of elements in an array. If an algorithm is decribed as O(N?2), this means thar for
large N, the run time will be proportional to the square of the size of the problem, i.e. if the size is
doubled, the run time will be quadrupled. This is an important concept because whereas an O(N)
algorithm scales well with size, one that is O(2M), i.e. exponential, may rapidly become too slow to
be useful.

b. Given a square matrix A, the function £ computes its transpose At and the matrix product P of A and
At. The input variable, A, and the outputs, At and P, are all square matrices implemented as lists of
lists. The lengths of the lists in A and hence the dimensions of the matrix it represents are checked to
make sure thac it is square and an exception is raised if it is not.

Overall £() is O{N3) - note the triple nested loop in 1,3,k used to calculate the matrix product.
c. It would almost certainly be better to use standard NumPy routines to calculate the matrix transpose

and product since this avoids reinventing the wheel and the code for these can be optimised to be
faster than normal interpreted code like this, e.g. by using more efficient data structures than lists of

lists.
Question 12
a. def lookupilp(person): def lookup2p(person):
for ent in pbookl: try:
if ent{0] == person: return(pbock2[person])
return(ent[1]) except KeyError:
return("not found") return{"not found")

(Note that "if (person in pbook2)" could be used as an explicit test to check that entry exists
rather than using exception handling.)

b. A Dictionary/Map as in pbook2 is the Python data structure intended for this type of application and
is thus the better use of the language’s capabilities. This is illustrated by Lookupl and lookup?2 above
in that former requires a loop {and is hence O(N)) whereas the latter performs a direct access using
the Map. Reverse lockup, i.e. getting a name given a number, in its simplest form would require a
lookup loop with either pbookl or pbook2. A better approach would be for the server process to
produce a second map pbook2n for the reverse lookup when it starts up, e.g. (but not actually asked

for in the question):

pbook2n={}

def build2n():

for name,number in pbook2.items():
pbook2n [number] = name;

and then use this. This trades some extra complexiy at startup for faster lookup thereafter.



