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Engineering Tripos Part IB SECOND YEAR
Part IB Paper 7 : Mathematical Methods
VECTOR CALCULUS AND PDE's. LINEAR ALGEBRA (revision)
Examples Paper 4
Straightforward questions are marked +
Partial Differential Equations

1.+  The function ¢(r, 6) satisfies Laplace's equation
13( 9 1 9%
T g
in the cylindrical region 1 < r <2 for 0 £ @ £ 27, with boundary conditions
&1, O=sin @ and &2, & =2sin 8. If dr, &) = R(r) T(H), show that
r d[ dR\J _ _ldr

—— r— ———— = const
Rdr\ dr T 46° "

Explain why 7(6) can be taken as sin @ and find the boundary conditions for R.

By looking for solutions of the form R = 4r”% show that the general solution of the

differential equation for Ris R=Br+ Cr”'. Find ¢, 6).

2. Consider the Poisson equation
2 2
M -+ _a__¢ = e COS(EJ
ax? 8y2 2L

subject to the boundary conditions: x=%+1L, ¢=0; y==%d, ¢=0.

@) Show that the ‘particular integral” ¢ = Acos(mx/2L) satisfies the differential
equation and find the value of 4.

(ii)  Assume that ¢ = ¢y + Acos(zx/2L) and find the differential equation and
boundary conditions which must be satisfied by the ‘complementary function’

$o = G (%, )-
(iii)  Using the result of the exercise solved in lectures, find the complete solution
forg.
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The function f{x,f) satisfies the equation

%f  3%f
L = 2L 2L
ot? ox2 " a)ax

in x 20 where w is a real positive constant. Using the method of separation of
variables, find f{x,f) subject to the boundary conditions

of

S =sin(ax) and ol 0 at x=0 forall s
X

A transformation from the (x,y) to the (u,v)-plane is defined by

x=v+ fu

y=v-flu
where £ is a constant. Sketch lines of constant x and lines of constant y in the
(u,v) plane. Now consider the PDE

200 _ 99 _
ﬁax ay'C

where C is a constant, subject to the boundary condition ¢ = 0 along the line
y = x. By transforming from (x,y) to (#,v) coordinates, show that the solution of the
equation is

= ran (x=y).

Check this result by substituting into the original PDE and boundary condition.

A triangular metal plate of uniform thickness and thermal conductivity lies in the x-y
plane with corners 4 at (0,0), B at (1,0) and C at (1,1). For steady-state heat
conduction in the plate, the temperature distribution T = 7T(x,y) satisfies Laplace's

equation V2T = 0. The temperatures at points 4, B and C are 300 K, 400 K and 800

K, respectively, and along the boundaries 4B and BC the temperature varies linearly
with distance. The boundary AC is well insulated and there is no heat flux across it.
(The heat flux vector is ¢ = — AVT, where A is the thermal conductivity.)

(i) Use the method of separation of variables: what value of separation constant do
you need in order to be consistent with the form of variation along the
boundaries AB and BC? Hence show that the temperature distribution in the
plate is of the form

T = (x+P(x+d) =a+ bx +cy +dxy.
(i)  Show that the boundary condition on AC is d7/ox = 0T/dy. Hence find the
values of the constants a, b, c and d.

2



6.%

A nuclear reactor takes the form of a plane slab of material with faces at x=+d/2 and
is essentially of infinite extent in the other directions. The neutron density » varies
throughout the slab but leakage at the faces maintains n =0 at x=+d/2. For ¢ <0,
the reactor is operating steadily and the neutron density distribution is given by
n=ng cos(rx/d). At t =0, the nuclear reaction ceases and the neutron density decays
as the neutrons diffuse out of the slab. The neutron density is then governed by the
unsteady diffusion equation
on o §_ziz_

ot ox?
where « is the diffusivity of the neutrons. Find an expression, valid for 120, for the
neutron density distribution in the slab and find the time for the neutron density at the
centre of the slab to fall to half its initial value.

One-dimensional sound wave propagation in air is governed by the wave equation

azp = 2 azp

a2 ox?

where p = p(x,f) is the excess pressure (above atmospheric) induced by the passage of
the wave and ¢ is the speed of the wave, assumed constant. In air at 20°C,
¢ = 344 m/s.

Calculate the length of an organ pipe which resonates at ‘middle C* (261.6 Hz) as its
fundamental frequency. The boundary conditions are dp/dx = 0 for all ¢ at the closed
end (which corresponds to zero flow velocity) and p = 0 for all ¢ at the open end.
Find the second natural frequency of the pipe. Sketch the corresponding mode shapes

(i.e. the excess pressure as a function of distance along the pipe).

(a) The equation of motion for the local displacement y of a beam can be written as:

2 4
pAQ——Z}i +EI 9—42 =0.
ot ox
By separation of variables show that this can be written as two ordinary differential

equations:
4 2
d—‘i(—-k4X=0 w--—d5+a)2T=0
dx dt
where X = X{(x), T = T(¢¥) and k and @are constants. What is the relationship between k
and a? Given that the wave velocity ¢ = dw/ dk, find ¢ as a function of @.
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(b) The travelling wave response of an infinite beam at x = L to an input chain of unit
impulses at x = 0 can be shown to be:

Wet) = %Zcos(a),,t—k,,x)

n=0

where T is the time between impulses, @ = 2ntn/T and the relationship between k, and
a3, was found in part (a). Download infinite beam.m from Camtools (zipped as
Examples 4). The script calculates the response at 100m using the first N harmonics. A
time-vector is stored in t and the result in y. Plot the response as a function of time.
Zoom in on one of the impulses. What do you notice about the frequency as a function
of time? What does this tell you about the wave speed as a function of frequency?
Does this agree with your answer in (a)? What happens if you change L or N?

(¢) Matlab and Octave provide an easy way to hear what this function sounds like
using the wavwrite(...) command. Uncomment the last line of
infinite beam.m which creates a file called beam sound.wav that you can
play within your operating system. The relationship between frequency and time
should sound very clear: note this is also similar to the sound you can sometimes hear
at the side of a railway as a train approaches, or from rocks landing on a frozen lake.

The definition of the 3-dimensional delta function &(#) is that

) 8(r) = 0 everwhere except at r = 0, and
(ii) J.J- 8(r)dV =1 for any volume ¥ which includes r = 0.
V
Show that the function i = l—l—{ satisfies the equation
r
V2y =-4nd(r)

(as was claimed in the lecture notes). To prove (ii), apply the divergence theorem to a
sphere centred on the origin.
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Linear Algebra revision

10.

1.

12.

13.

Ifx=[1 2 3]% find (i) x'x (i) xx*

(a) A is a 3 X 3 matrix. Show that

i apn
A0 = |ap | = the first column of A.
0 6‘31

(b) If the columns of A are represented by the vectors g , g, and a3 , show that
X

Ayl = xag +ya,+za;

K4

(c¢) The 3 X 3 matrix Q represents a rotation of vectors about the y-axis. If the vector

t t
i 17", 1 V3
— 2 -—| ismappedto|——~ 2 ——| by this rotation, find Q.
&2 g e [ 2 % } g °

If the 3 X 3 matrix A has rows represented by the vectors g , g and a3 and the 3 x 3
matrix X has columns represented by the vectors x; , x, and x3

A=l a, —| and X=|x; x5, x3
< a7 NN

What is by , the 2-1 element of the matrix B=AX ?
What is sy , the 2-1 element of the matrix C = XtAt?

x) and x, are 2-dimensional vectors related to the vectors ¥y and u, by
xy=0u;+ fu,
Xy =yup+0uy
where ¢, f, yand Jare scalars.
{a) Find the matrix A, such that X = UA where the columns of the matrix X are the
vectors x; and x5 and the columns of matrix U are y; and u,.

(b) Find the matrix P which swaps the columns of U.
(c) How would you represent the matrix Y which has rows x; and x5 ?
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Answers

1.

10.

11,

12.

13.

rsin @

¢ = (2L/n)? cos(zzx/2£)[l

_ cosh(ny/2L)
cosh(zd/2L)

f(x,t) = (1+ax) exp(—ax)sin(awt)

(i) Zero (ii) a=300, b=100, c=100, d=300.

2
) = myenpt ]y eoscad), =922
or
0.329m, 784.8Hz.
1/4
o=k |EL o aypl EL
pA pA
1 2 3
G 14 G {2 4 6
3 6 9
2588 0 —.9659
() 0 1 0
9659 0 2588
byt = @yx; = @y¥, o = 46X = 4%

(a)A = [g g] (b) P= E) (])jl Y= [;f ‘g} x matrix with u; and u, as rows

Tripos Questions for Revision

Part IB Paper 7 Q3 is almost invariably on this material

T.P. Hynes

Michaelmas 2013
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