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7 (short)

(a) A trainis traveling forwards with velocity v. A child throws a tennis ball towards the
oncoming train with a horizontal speed u relative to the ground. Assuming the collision is
elastic, and the train is far heavier than the ball, at what speed vg does the ball rebound? [4]

The collision is elastic, so the coefficient of restitution is e = 1. i.e. relative speed equal

before and after collision.

The train is much heavier than the ball, so it’s speed does not change significantly during

the collision.
Combining these points:
v+u=vg-—v

and hence
vg =u+2v.

(b) Three balls of masses m > my > mj are vertically stacked at a height 4, and then
dropped to the ground, as shown in Fig. 1. Assuming that the balls start with small initial
separations, and that all collisions occur elastically, find the height to which the mass m3
rebounds. (You may ignore the radius of the balls.) [6]

Iy
m,

®
ml‘ lg

Fig. 1

Conservation of energy shows the balls all reach the floor with velocity u = —+/2gh, where
negative denotes down.
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my collides elastically with the floor, giving an upward velocity v| = \/ﬂ

my collides elastically with the rising my. Using the above result, its exit upward velocity
isvy = 3\/2g_h.

m3 collides elastically with my.Using the above result, its upward velocity is vy = T+/2gh.

The ball ms rises until all its kinetic energy turns to GPE, giving H = %vz /g = 49h.
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8 (short) An open topped cart is moving at velocity v along a horizontal path, without any
friction. It is raining, and the cart is filled by a mass Q of water each second, as shown in

Fig. 2.

Fig. 2

(a) Find the horizontal force F that must be applied to the cart to maintain its velocity. [4]

At a time t, the mass of the cart is mq + Qt and has momentum

p = (mgy + Qt)v.
Newton’s second law:
dp
F=—=Qu.
dr
(b) Find the power required to maintain the cart’s velocity. [3]
Power of the driving force is
P=Fv=0"

(c) Find the efficiency with which this power is converted to kinetic energy. Where does
the balance of the energy go? [3]

Kinetic energy of the cart is

1
KE = > (mo + Q2

%0 dKE 1
—— = —?
dr 2

i.e. the process is 50% efficient - half the power of the driving force goes to kinetic energy,
and half is lost as heat in the inelastic collision between the cart and the incoming rain.
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9 (long) A simple seesaw consists of a uniform bar of length 2/ and mass m with a pivot at
its center that allows it to rotate to form an angle 8 with the horizontal. Two children, of
masses m and 2m, sit on the ends of the seesaw, with the heavier child touching the
ground, and the seesaw making an initial angle 6 as shown in Fig. 3. The heavier child

then applies an impulse P vertically upwards to launch the seesaw into motion.

Fig. 3

(a)  Show that angular velocity, 6, of the seesaw directly after the impulse is:

3P cos b
10ml
Moment of inertia about the pivot is I = ll—zm(ZZ)2 +2mi? + mi? = %)mlz.

0o =

Angular impulse about pivot is Pl cos 6.

Conservation of angular momentum about pivot

3P cos b

10 5. )
—PlcosQO:?mlé’ - 0y=-— Tomi
m

(b) Find the reaction impulse applied to the rod by the pivot, giving you answer in

horizontal and vertical components.

Take center of mass a distance d from from pivot.
m(l+d)+md=2m(l-d) — d=1/4.

Instantaneous center is at pivot, so velocity of CoM is perpendicular to the rod with

magnitude:

Lo
V=—=
190

Conservation of momentum vertically and horizontally give the vertical and horizontal

reaction impacts at the pivot:

[ . 3
R, +P= —4m190 cosfy =P (E cos? 6o — l)

Page 6 of 8 (cont.
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and

l. 3
Ry, = 4m100 sinfg = _PE cosfpsinfy  (i.e. to the left)

During the motion of the seesaw, sliding within the pivot joint causes a frictional torque
7 of constant magnitude. When either child reaches the ground, they apply a vertical
impulse that reverses their velocity.

(c) Find the equation of motion for €, and describe a forward Euler numerical integration
scheme to predict the seesaw’s subsequent motion over multiple oscillations. [8]

Moment around the pivot is
G = mgl cos 0 — Tsgn(6).

Using 16 = G, the equation of motion is

10 .. )
?mlzé = mgl cos 6 — tsgn(6).

Simple Forward Euler numerical integration scheme:

(1) Initialization: sett = 0, 0 = 0y and 6 = 0 using initial data from just after impulse.
(2) Compute current 8 from the equation of motion, using the current values of 6 and 6.
(3) Update the current variables by one time step, 6 — 6 + OAr, 0 — O+ 60At, t — 1t + At.
(4)If 0 > 0y or 0 > —6y, collision with ground detected, update 6 — —6.

((4b) Possible extra if here for changing sign of T so it always opposes 0, but unnecessary
if you have explicitly used a sgn function in definition of equation of motion)

(5) If 0 > —0¢, lighter child is touching ground. Update count — count + 1.

(6) Goto (2), and loop until finish time reached.

(d) Sketch a graph of () for the case where the lighter child touches the ground twice.

[6]
Key points
(1) Seesaw starts at 6 with a finite negative velocity (slope).

(2) Seesaw slows down as it goes from positive to negative, and speeds up ( though less

due to T) as it goes from negative to positive.
(3) Velocity reverses at each contact with ground, i.e. discontinuous reversal of slope.

(4) Long time asymptote has diminishing amplitude and time period, like a damped
bouncing ball.
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(e) The initial impulse is chosen such that the lighter child just makes contact with the

ground. Show that the required value of the first impulse is: [6]
40m
P? = ——— (mglsinfy + 6p) .
3c0s2 0y (mg 0+ 760)

During this part of the motion, 0 is negative so the frictional torque and gravity both act
in the same sense:
10

?mlzé =mglcosO + 7.

Multiply by 6 and integrate dt, to get

5 A
Zmi*6% - mglsinf — 76 = c.

3
where c is a constant of integration that is analogous to the total energy. Equating this
constant at the start (0 = 0 and 6y = 3[)18;”;% )and end (0 = 0, 8 = —0y ) of the motion
gives
5 9P2 cos? 6
2 —= 0 mglsin@ — 70 = mgl sin 6 + 76.

3 100m?212
Solving for P? gives the stated result.
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Q10 (a)
7 = rpQeftey + rypelle;

d = 2r,p0ePteg + (r,B%eft — ry02efhe,

(b) f? =02 or B =|Q|;pis positive.

Q11 (a) Reading off the graph from the Mechanics databook, page 6
(=04
Logarithmic decrement is given by:
2
i

(b) Use the expression for displacement of the mass relative to the base from the Mechanics
databook case (b). Note that the input base acceleration (not base displacement is provided) and
special case @ (excitation frequency) = w, applies:

= 2.74

11
|X| = = X = = 31.7 nanometres.
20 wp

Q12 (a) The equations of motion can be written down for each of the masses and then combined
together in matrix form as:

m¥y = —2k(xy —y) — k(% — x2)

mj(:'z = _k(xZ - xl)
Leading to:
m  07[%1 3k —ky[*1] _ [2ky
0 m][jc'z]+[—k )bl =1
(b) The natural frequencies for the system can be obtained by considering:
K — Mw?| =0
H3k—mw§ —k ] _ 0
—k k —mw2ll

m2wp — 4kmw?2 + 2k?> =0

Solving the quadratic gives us values for the natural frequencies as:

k
w,zl=(2J_m/E)E



and substituting in the values of k and m, the natural frequencies are 1.08, 2.61 rad/sec.
The mode shapes for the system can be then obtained by considering the equations:
—mw?X; +3kX, — kX, =0
—mw2X, + kX, —kX; =0

For the particular values of natural frequencies solved above giving modeshapes as:

Celnw

) The forced response of the system can be derived as:
[Xl] _ 1 _ [k — mw? k ] _ [ZkY]
X2l m2(w? — w2)(w? — w2,) k 3k —mw?l 1 0

Giving separate expressions for displacements X; and X, as:

X, 2k(k — mw?)
Y m2(w? — why)(w? — wy)

X, B 2k?
Y m?(w? — wrzll)(wz - ‘*)1212)

The frequency response plots for the system are included below.

For Xi

10 T T T r T
81 | |

6 |

X1y

|
s ol o . Al .
0.5 1 1.5 2 25 3 3.5 4
angular frequency (rad/sec)




For X,

xary
o
|
|

|

| |
0.5 1 16 2 25 3 35 4
angular frequency (rad/sec)

With added damping the frequency response plots:

3.5 T T T 3
8 ~
: 25 ,‘ﬂ \\
25 ‘;“‘ \ i \_\
c‘" \ & .// \
£ 2 /I‘j’ \ = /;’ \
S / \ %15 /
15 // \ - /i N / \
AN / % il = &
A= \\\ / N\ \
Vi 0 by
os = N 05 \\\
0 0 =
0 0.5 1 1.5 b} 25 3 35 4 0 0.5 1 1.5 2 25 3 35 4
angular frequency (rad/sec) angular frequency (rad/sec)
(d) For the specific case of yo =1 cm and @ = 1 rad/sec we can use the expressions derived in (¢)
to obtain values for the displacements:
X, 2-1D)@)
Y (1-8+8)
X;=4cm
X,  (2)A4)
Y (1-8+8)
X, =8cm

The displacements are larger in comparison to the ground displacement as the excitation frequency is
close to the lower natural frequency for the system.
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