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7 (short) 

(a) Strains due to stress 
  
σ1 :    ε1 =

σ1
E

,  ε2 = −
νσ1

E
,  ε3 = −

vσ1
E

 

Strains due to stress 
  
σ2 :    ε1 = −

vσ2
E

,  ε2 =
σ2
E

,  ε3 = −
vσ2

E
 

Strains due to stress 
  
σ3 :    ε1 = −

vσ3
E

,  ε2 = −
νσ3

E
,  ε3 =

σ3
E
	
  

	
  
 
By superposition of stresses, the combined strains are 

  

ε1 =
1
E

(σ1 −νσ2 −νσ3)

ε2 =
1
E

(−νσ1 +σ2 −νσ3)

ε3 =
1
E

(−νσ1 −νσ2 +σ3)

	
  	
   	
   	
  

(b)  

  

ε1 ≠ 0,  ε2 = ε3 = 0

ε1 =
1
E

(σ1 −νσ2 −νσ3)   (1)

ε2 = 0 =
1
E

(−vσ1 +σ2 −νσ3) ⇒σ2 = ν(σ1 +σ3)    (2)

ε3 = 0 =
1
E

(−νσ1 −νσ2 +σ3) ⇒σ3 = ν(σ1 +σ2)    (3)

(2)+(3)
σ2 +σ3 = ν(σ1 +σ3 +σ1 +σ2) = ν(2σ1 +σ3 +σ2)

∴σ2 +σ3 =
2νσ1
1−ν

 

 

  

Substitute into (1)

ε1 =
1
E

σ1 −ν
2νσ1
1−ν

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝⎜
⎞

⎠⎟
=

1
E

σ1 1−
2ν2

1−ν

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

= 
1
E

σ1
1−ν − 2ν2

1−ν

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

    = 
σ1
E

(1+ ν)(1− 2ν)
1−ν

⎛
⎝⎜

⎞
⎠⎟

∴
σ1
ε1

=
E(1−ν)

(1+ ν)(1− 2ν)
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Comments: This question was answered reasonably well, although part (a) was often a copy-paste of 
the answer without any explanation. We were expecting the candidates to clearly separate the 
contributions of the stresses in each direction. Almost all the candidates recognised that the constrains 
in the transverse direction led to zero strain in part (b), but the subsequent algebra used to derive the 
simple formula generally lacked efficiency, leading to a loss of precious minutes. 
 
8 (short) 
(a) 

 
From the gradient, the parabolic rate constant is ~ 0.038 g2  m−4  s−1. 	
  
(b)	
  	
  

  

Δm2 = kt = 0.038 × (300 × 3600 × 24) g2  m−4

∴Δm = 0.992 (kg of O) m−2
 

 
Now 

  

Δm = 0.992 (kg of O) m−2 =

                                           =
0.992 × N A

16
 (kmole of O) m−2

                                           =
0.992 × N A

16 × 4
 (kmole of Fe3O4) m−2

                                           =
0.992 × N A

16 × 4
 ⋅

3× 56
N A

(kg of Fe) m−2

                                           =
0.992 × 3× 56
16 × 4 × 7800

 (m of Fe) 

                                          =0.33 mm (on either side) of Fe lost < 1 mm 

 

 
Comments: A large number of candidates were penalised on part (a): drawing what “looks like” a 
square root function is obviously not enough. Plotting the squared mass versus time gives a line, 
which is much less ambiguous, and easier to draw! Also calculating the average of k without a 
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relative measure of the deviation in the data is inconclusive: the sample standard deviation, for 
example, is covered in paper 4. 
 
9 (short) 
(a) Consider   D1  the diameter of A and   D2 	
  the	
  diameter	
  of	
  B.	
  The	
  length	
   a 	
  of	
  the	
  edge	
  of	
  
the	
  AB	
  unit	
  cell	
  should	
  be	
     a = D1 + D2 .	
  The	
  diagonal	
  of	
  one	
  of	
  the	
  faces	
  of	
  the	
  unit	
  cell	
  

should	
  be	
    2a = 2D1 .	
  Hence	
  	
  

  

2a = 2D1 ⇒ a = 2D1

D1 + D2 = 2D1
D2 = 0.414D1

∴
D2
D1

= 0.414

	
  

 
 
(b) Number of silicon atoms per unit cell: 8× 1/8 (corners) +6× 1/2 (faces) = 4  
Therefore, there are 4 silicon atoms and 4 carbons in the unit cell.  
 

  

theoretical  density =
mass of the unit cell

volume of the unit cell
                             

mass of the unit cell= =
(4 × 28.09 + (4 ×12.01)⎡⎣ ⎤⎦ ⋅10−3

6.02 ×1023
  kg

volume of the unit cell=(0.436 ×10−9)3 m3

Hence

theoretical  density =
(4 × 28.09 + (4 ×12.01)⎡⎣ ⎤⎦ ⋅10−3

(0.436 ×10−9)3 ⋅6.02 ×1023

                              ≈  3.21 Mg m−3

 

	
  
 
Comments: This was an easy question, usually well answered. We were severely penalising unrealistic 
results: diameter of B much bigger that diameter of A, mass density of a few grams per cubic meter… 
We have seen numerous calculations ran very inefficiently here as well. 
 
10 (short) 
(a) Ductile Fracture: The fracture surface of Fig. 8(A) shows evidence of extensive plastic 
flow. The cell-like features are regions in which voids formed (probably nucleated by 
decohesion at inclusion interfaces, some of which can be seen in the micrograph), with final 
failure occurring when the voids grow and coalesce. This facilitates extensive plasticity ahead 
of the crack tip prior to fracture, with large amounts of energy being absorbed in the process – 
see schematic below (significant plastic work per unit volume).	
  This metal will exhibit the 
largest fracture energy. 
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Brittle Fracture: The flat faceted fracture surface of Fig. 8(A) shows little evidence of plastic 
flow. The fracture energy is therefore likely to be relatively low – certainly lower than that of 
Fig. 8(A).  

Nominal stress-strain curves would have the forms shown below: 

(b) Temperature is responsible for the differences between the two micrographs. Presumably
in Fig. 8(A), the sample was tested at or above room temperature whereas in Fig. 8(B) the
sample was tested close or below the ductile-brittle transition temperature. It is well known
that steel becomes brittle below the ductile-brittle transition temperature, as the ease of
dislocation motion is sufficiently reduced.

Macroscopic fracture surfaces: Failure of engineering metals does commonly involve 
fracture, often after extensive plastic flow and some necking have occurred – see schematic 
below. 

In brittle failure, the fracture surface is planar on a macro scale- see schematic below. 

(NB: Very ductile materials, if ultra pure, often fail by ductile rupture (progressive necking 
down to a point), with little or no crack propagation as such. However, such highly ductile 
materials are too soft to be useful for most purposes.) 

Comments: We were expecting more from the candidates since they had a lab covering this question. 
This was clearly an opportunity to show their knowledge, which ended up showing some significant 
gaps. 
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- Part (a): a clear description of the micrographs, taking advantage of the scale bar. In A, visible 
micron size voids nucleated by impurities/inclusions. Plasticity due to plane sliding past each other 
thanks to the growing number of moving dislocations (which are not visible on the micrograph, 
contrary to a popular belief). Explain how the stress vs. strain curve can be used to evaluate the 
energy expended during fracture. In B, a flat faceted surface is shown with little evidence of plastic 
flow. 
- Part (b): temperature-dependent ductile-brittle transition in bcc steel, as opposed to fcc metals such 
as copper. Ductile fracture happens after necking. 
 
11 (long) 
(a) 
I – Heat-treatable Al alloy 
II – Brass, drawn 
III – Brass. annealed 
IV – Copper, annealed 
 

 
A heat–treatable Al alloy would have a high yield strength due to precipitation hardening.  
Drawn brass will have a high dislocation density due to work hardening. The yield stress is 
therefore higher than that of annealed brass and significantly higher than that annealed 
copper. Annealing causes a sharp reduction in the dislocation density, reducing the yield 
stress (by making dislocation motion easier) and also raising the failure strain (ductility). 
Annealed brass would have a higher yield stress from annealed copper, due to solid solution 
strengthening from the Zn.  
 
(b)  
(i) 

  

dσ t

dε t

= σ t ⇒125 ε t
−1/2 = 250 ε t

1/2

∴ε t =
1
2

 at maximum load
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(ii) 

σ n =
F
Ao

 and σ t =
F
A

AL = Ao Lo

σ t = σ n
A
Ao

⎛

⎝⎜
⎞

⎠⎟
= σ n

Lo

L
⎛

⎝⎜
⎞

⎠⎟

Nominal strain 

εn =
L − Lo

Lo

=
L
Lo

−1⇒ L
Lo

= 1+ εn

ε t =
dL
LLo

L

∫ = ln L
Lo

⎛
⎝⎜

⎞
⎠⎟

ε t = ln 1+ εn( )  & σ t = σ n 1+ εn( )
σ n =

σ t

1+ εn

=
250 ε t

1/2

exp ε t

=
250 0.51/2

exp 0.5
≈107 MPa

(c)
   
Δσ N f

α = C1
1st set of tests:

0.5σ ts(106)m = 0.65σ ts(104)m = C1

⇒102m = 1.3
2m log10 = log1.3

∴m =
log1.3
2log10

= 0.057

  

0.5σ ts(106)0.057 = C1
⇒ C1 = 1.1σ ts

 

2nd set of tests: 
Use Goodman’s rule to obtain zero mean stress conditions 

Δσ = Δσo 1−
σm
σ ts

⎛
⎝⎜

⎞
⎠⎟
⇒ Δσo =

Δσ

1− σm
σ ts

⎛
⎝⎜

⎞
⎠⎟

σm = 0.1σ ts  and Δσ = 0.5σ ts

∴Δσo =
0.5
0.9

σ ts

Using	
  Basquin’s	
  law	
  
0.5
0.9

σ ts N f
0.057 = 1.1σ ts ⇒ N f

0.057 = 1.98

∴N f = 1.6 ×105 cycles
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σm = 0.1σ ts  and Δσ = 0.55σ ts

∴Δσo =
0.55
0.9

σ ts

0.55
0.9

σ ts N f
0.057 = 1.1σ ts ⇒ N f

0.057 = 1.8

∴N f = 3×104  cycles

Miner’s Rule:

  

N i

N fii
∑ = 1⇒ 4 ×104

1.6 ×105
+

N
3.0 ×104

= 1

∴N = 2.25×104  cycles
Hence	
  total	
  number	
  of	
  cycles	
  to	
  failure	
  is	
   4 ×104 + 2.25×104  = 6.25×104  cycles

Comments: Part (a) was done reasonably well. Most candidates were able to identify which curve 
corresponds to which alloy, but very few candidates could explain correctly the differences in the 
curves. A common mistake was to relate hardening effects to stiffness, while hardness is only related 
to the yield strength of the material. Surprisingly, very few students identified “precipitation 
hardening” as the hardening mechanism for the heat-treatable Al alloy, while several candidates 
referred to “work hardening” instead. For the drawn brass, several candidates talked about 
hardening effects due to alignment of molecules rather than the increase in dislocation density due to 
work hardening. Parts b(i) and b(ii) were not answered well, particularly Part b(ii), and were the 
major source of lost marks. A lot of candidates integrated the relationship between the true stress and 
true strain instead of differentiating. Some candidates calculated just the true stress using the true 
stain from b(i) and didn’t estimate the tensile strength (based on the nominal stress). Part (c) was 
done reasonably well, with many candidates scoring highly. A large number of candidates did not use 
or didn’t use correctly Goodman’s rule to calculate the stress range at a zero mean stress for the 
assessment of the fatigue life in the second series of tests. Quite a few candidates made numerical 
errors in the calculations, which led to incorrect values for Basquin’s Law constants and subsequent 
fatigue life. 

12 (long) 
(a) The main concern with any pressurised vessel is to avoid catastrophic rupture, particularly
when the pressurised fluid is a gas - in which case an explosion is likely to result.  Such
rupture most commonly occurs in the form of fast crack propagation.  One guideline which is
commonly used in designing high-pressure systems is the “leak-before-break” criterion. The
idea involved here is that a crack should not be able to propagate under fast fracture
conditions before it has grown sufficiently to penetrate through the complete wall thickness,
when leakage will occur, causing a drop in pressure.  This will reduce the stress levels so the
system should be failsafe and an explosion impossible.
So if the critical flaw size for fast fracture   acrit  is less than the wall thickness t of the vessel, 
then fast fracture can occur with no warning. But if the critical size is greater than t then gas 
will leak out through the crack before the crack is large enough to propagate under fast 
fracture conditions.  
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(b) Tensile stress   (P = 3 MPa, r = 1 m, t = 10 mm)

 
Pr

2t


31000

2 10
 150 MPa

Note: For a thin-walled spherical vessel (t << r), the relationship between internal pressure P 

and the stresses in the wall  are readily derived by balancing the forces exerted by the pressure 

(r2P) and by the stresses in the wall ( 2rt).

22
2

Pr
rt r P

t
     

(i) For leak a  t 10 mm

K  1.13150    (10 103)  30 MPa m

Since K<KIC= 85 MPa m  , the crack will satisfy the “leak before break” criterion. 

Alternatively, acrit can be estimated:
2 2

IC
crit

1 85 1
0.08 m 

1.13 150 1.13 150

K
a

   
       

      

Since acrit  80 mm > t  10 mm , the crack will satisfy the “leak before break” criterion.

(ii)
  

da

dN
 AK 4 where  

4165 10 (m/cycle) MPa mA
 

  

da

dN
 51016  (1.134 1504  2a2 )

da

a2
2103

10103

  (51016 1.134 1504  2 ) dN

0

N
f



N f 
1

51016 1.134 1504  2


1

a










2103

102


1

4.07332 106
(500 100)

N f  9.81107  cycles

(c) If the crack length,  a , is set equal to the wall thickness,  t , then the “leak before break

criterion” can be written 

K  Y t  K
IC

 

Using the expression for the stress in the wall 
2

Pr

t

 
 

 
  to substitute for t gives 

Y 
Pr

2







 Y

 Pr

2
 K

IC

If it is also required that plastic deformation should not occur, so that this stress level can be set 

equal to the yield stress,  y , then an expression can be obtained for the maximum operating

pressure 
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P
max


2K

IC

2

Y 2
y
r


2

Y 2r

K
IC

2


y









   

The ratio 
  
K

IC

2 /
y
   thus represents a material merit index for being able to operate safely 

under high pressure.  As shown in the Table below, the medium carbon steel will contain 

the greatest pressures. 
 

Material 
 
 y  (MPa)  

  
KIC  (MPa m)  

  

K
IC

2


y

 (MPa m)  

Medium carbon steel 525 75 9.3 

Titanium alloy 740 65 5.7 

Aluminium alloy 265 30 3.4 

Magnesium Alloy  235 20 1.7 



Comments: Part (a) was generally done very well while parts (b)(i) and b(ii) were answered reasonably 

well. The main shortcoming of this question was part (c). In parts b(i) and b(ii), some candidates used 

the pressure value in their calculations and several of them made numerical errors in their calculations. 

In Part b(ii), some candidates used the critical flaw size for fast fracture (from b(i)) as the upper limit 

for the integral instead of the vessel wall thickness. In part (c), most candidates were running out of 

time when they reached this question. A large number of candidates derived the correct material merit 

index (as this was covered in the lectures) but very few of them did this properly using the leak-before-

break criterion (setting the crack length, a, equal to the wall thickness, t and stating that 

  
K  Y t  K

IC
). Marks were lost because of lack of detail.  

 


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