Engineering Tripos Part 1A FIRST YEAR

Paper 4: Mathematical Methods
Solutions to 2024 Sections B and C

9. Complex numbers

(a) We rearrange

s(z+1)=2(z—1)

2(2—5s)=s5+2
24s 1+s/2
Z = =
25 1-s/2 3]
(b) We substitute s = 7z into the inverse transform equation and compute the magnitude
as
. ‘1+’i$€/2‘ 1+ix/2] /14 a%/4 .
Zl = - = - = =
1 —ix/2 1 —ix/2] /14 22/4
Hence 7z is on the unit circle. [8]
(©
B e _ 1 B ei0/2(ei/2 — ¢=i9/2)
§= el 11 - ei9/2(ei0/2 i efi0/2)
2isin(0/2) .
2cos(0/2) itan(6/2)
The result is on the imaginary axis. [8]

(d) We solve

2(2_1>:2z
z+1
z—1=2z(z+1)

2 =-1

Expressing z as z = pe', this becomes

p2€2u9 —

which gives the solution p = 1 and

0 = g +nm
/2 —im/2 _ —i. [5]

for any n. This gives two distinct doubling points: ¢/ = ¢ and e

(e) Using the binomial expansion, we write

1 2
+S/::u+sp)@+sm+s74+0@%)
1—3s/2
=1+s+5*/2+0(s)
which is identical to the power expansion of e up to and including the quadratic term.  [6]
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10. Differential equations

(a) For f(t) =0:
d*x dx

W—l—p%—l—qxzo

Auxiliary equation:

LSS W N
q q 2,

() p’—4¢>0

Discriminant: (£)? — 42 >0

Two real roots: \; and A\s where \; # A\,

z(t) = AeMt + Ber!

(ii)p® —4¢=0

Discriminant: 0

Two identical roots: —p/2

x(t) = (At + B)e P!/?

(iii) p* —4¢ < 0

No real roots, two complex roots: A = o £ i3

x(t) = e*(Acos t + Bsin ft) [10]
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(b) d—;—i—éla: = 2sint + sin 2t

Homogeneous equation:

% +4x =0

Characteristic equation:
N4d=0=\==%2i

General solution to homogeneous equation:
xp(t) = Cy cos 2t + Cysin 2t

Now to find a particular solution where f(t) = 2sint + sin 2¢. Note that in this case,
sin 2t appears in both the right hand side and the complementary function. This can be
dealt with by multiplying through by ¢ in our trial solution.

So, let’s guess x,(t) = asint + [ cost + t(7ysin 2t + ¢ cos 2t)

Since the right hand side is odd, =, must be odd such that the differential operator also
produces an odd function.

Therefore, we need only try x,,(t) = a:sint 4 td cos 2t
dx,/dt = acost + 6(cos 2t — 2t sin 2t)
d?z,/dt* = —asint — 40 sin 2t — 46t cos 2t

Substituting into the differential equation:
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—asint — 40 sin 2t — 40t cos 2t + 4[asint + t6 cos 2t] = 2sint + sin 2t
Grouping terms:

sin(t)] —a+4da=2=a=2/3

[sin(2t)] —46=1=06=-1/4

Therefore, x,(t) = 2 sint — 1t cos 2t

General solution is:

z(t) = ap(t) + x,(t) = Cycos2t + Cosin 2t + 2 sint — 1t cos 2t
2(0)=0= C, =0

bl —0=20y+2%—

— — _5
dt |, _O:>C2__24

1
1
z(t) = 2sint — 2 sin 2t — 1t cos 2t

Functions of two variables, contour plots, gradients

(a)

Contours for z =0arex +1 =0,z 4+ 2y —2=0and 3z — 4y — 1 = 0.

(b) The partial derivative with respect to y is best found directly from the factorized
expression, without multiplying out.

0z

o = (z + 1) [(z + 2y — 2)(—4) + 3z — 4y — 1)(2)]

= (z+1)[(—4x — 8y + 8) + (6 — 8y — 2)] = (v + 1)(2z — 16y + 6)
= 2z +1)(z —8y+3)

To find the partial derivative with respect to z, we first multiple out the factors

2 = 323 4 22%y — 42 — Sxy® + 8xy — 5w — 8y* + 6y + 2

[20]

[8]
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and then differentiate

0

e =92 + 8y + 4oy —8y* —8x — 5

Ox
(c) g—; = 0 implies either x = —1 or x = 8y — 3. We take each of these possibilities in
turn and see when % = 0 as well.

r=-1=2=948y—4y—8y°+8—-5=—-42y—3)(y+1) =0
=y=—1,3/2

So there are stationary points at (—1, —1) and (—1, 3/2).

r=8y—3= g—; = 9(64y? — 48y +9) + 8y + 4(8y — 3)y — 8y* —8(8y —3) — 5 =
100(6y% — 5y + 1) = 100(3y — 1)(2y — 1) = 0 = y = 1/3,1/2

So there are stationary points at (1,1/2) and (—1/3,1/3). By inspection of the contour
plot, the points (—1, —1), (—1,3/2) and (1, 1/2) lie at the intersections of the z = 0 con-
tours and are therefore saddle points. The point (—1/3,1/3) lies in a region of positive z

and is therefore a maximum. Note that the coordinates of the saddle points can be found
directly from the contour plot, with no need for differentiation.

(d) Evaluating the gradient at the origin:

Vz = (—5,6
)
This vector points in the direction of steepest ascent. Therefore, the contour of constant
z passes through the origin at right angles to this, i.e. in the direction (6, 5) or (—6, —5).

(e) Now we evaluate the gradient at (1, 1):

\Y = (0,—16
], =019

The rate of change of z in the direction n is given by Vz-fi = (0, —16)- (-1, —1) /v/2 =
16/v/2 = 8v/2.

Laplace transforms

(a) The first differential equation is the differential equation that characterises a capacitor,
i.e. the current is proportional to the derivative of the voltage. The second differential
equation applies Kirchhoff’s loop rule, i.e. the sum of voltages over the components R, L
and C' has to equal the source voltage V. For the inductance, the voltage is proportional
to the derivative of the current, whereas the resistor satisfies Ohm’s law where voltage is
proportional to current. The source voltage is effectively zero for negative times because
the switch is open, and only becomes V' for times ¢ > 0, hence the Heaviside function
that multiplies V' on the right of the equation.

(b) We take the Laplace transforms of the equations to yield

{E(s) = Csv(s)
Ri(s) + Lsi(s) + v(s) = ¥

S

[6]

[8]

[4]

[4]

[2]



The first equation gives -
oy Us)
u(s) = O

and substituting into the second equation, we obtain

. v CcVv V/L

) = R Ls v L T IT ROs 1 002~ 9+ Bg 1 L °

(c) For LC = 1and RC = 2.5, we have R/L = % = 2.5 and hence
- V/L
is) = s+ 32s+1
_ V/L
B (s+2)(s+ %)

2V 1 1
- 3L s+% s+ 2

Hence, v
2 t
_ 2V ot2 -2t
i(t) = S(e72 — )
fort > 0andi(t) = 0fort < 0. [7]
(d) We have ~
i(s) V 1

1 s+1/2 1/2 )

(s+3)°+1 (s+3) +1

Hence .
o(t) =V {1 — et (cost +3 sint)}
fort > 0and v(t) = 0fort < 0. (8]
(e) For i(t) to take the form Ste~*, its Laplace transform must be of the form
B
is) = (s +a)?
For LC = 1, we know that
i(s) V/L
i(s) = —F——
s2+ s+ 1
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This expression becomes
- V/L
i(s) = Lo
(s+1)
= Yte " and

= 2. So we need RC' = 2, for which the current is i(t) =
[71

c
when% = f—c
hence f = V/L and a = 1.
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