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 SECTION A 
 
1 (a) For the circuit of Fig. 1, the gain is −𝑅! 𝑅"⁄ , the input impedance is R1 and 
the output impedance is 0.   [2] 
 
 (b) For an ideal op. amp., the voltage at the two input terminals is the same.  
Therefore, if the non-inverting terminal is at 0 V, then so is the inverting terminal.  If 
we call Vx the voltage at the node between resistor R4 and the two resistors marked R3 
then, performing a nodal voltage analysis at the inverting input, gives 
 
    ∑ 𝐼#$% = 0 = &'!"

(#
− '$

(#
	⇒	𝑉) = −𝑉*+ (1) 

 
Performing a nodal voltage analysis at the Vx node, gives 
 
    ∑ 𝐼#$% = 0 = '$

(#
+ '$

(%
+ '$&'&'(

(#
	 

    '&'(
(#

= 𝑉) ,
!
(#
+ "

(%
- 

 
Substituting for (1) gives 
 
    '&'(

'!"
= −,2 + (#

(%
-  [5] 

     
 (c) (i) For the circuit of Fig. 1, the gain, G  (from 1(a)) is −𝑅! 𝑅"⁄  and R1 is 
the input impedance, which are required to be 240 kW and –50 respectively, so 
 
    𝑅! = −𝐺𝑅" = −(−50). 240 × 10, = 12	MΩ  [2] 
 
  (ii) For the circuit of Fig. 2, the input impedance is R3, and the gain, G, is 
the expression in part (b), so given the same requirements for these values as is part (i) 
 
    𝑅- =

&(#
./!

= &!-0×"0#

&20/!
= 5	kΩ  [2] 

 
  (iii) The circuit of Fig. 2 is preferable, as it will be easier to source a 5 kW 
resistor with a precise value than a 12 MW resistor of similar precision to give an 
accurate gain of –50.   [2] 
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 (d) WE need an op. amp. With an input impedance at least 100 times greater 
than the circuit input impedance of 240 kW (otherwise our ideal op. amp. Assumption 
will be incorrect), so at least 10 MW is required.  The output impedance of the op, amp.  
should be at least 100 times smaller than the circuit output impedance (again so we can 
assume ideality), so less than ~1 kW.  Therefore Type C is the appropriate choice.  [3] 
 
 (e) The gain of an amplifier in terms of its open loop gain, A, and feedback 
fraction, B, is 𝐺 = 𝐴 (1 + 𝐴𝐵)⁄ .  For this op. amp., A is very large, and tending to 
infinity to a good approximation, so 
 

    𝐺 = "
)
*/3

45	7→9
<⎯⎯⎯⎯> "

3
 

 
Hence, for this circuit, 
 
    𝐵 = "

.
= "

20
 

 
The cut-off frequency is increased by a factor of (1 + 𝐴𝐵) = (1 + 10:. [1 50⁄ ]) =
20 × 10, for the circuit.  If the cut-off frequency of the op. amp. is 10 Hz, then that of 
the circuit will be 20 × 10,. 10 = 200	kHz .  [4] 
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2 (a) The signal into a differential amplifier applied at its two inputs may be 
deconstructed into a common mode and a differential mode component.  A good 
differential amplifier will amplify the differential signal much more than the common 
mode signal (which may be due to effects such as low frequency pick up).  The ratio of 
the differential to common mode gain is known as the common mode rejection ratio 
(CMRR) and this should ideally be infinite.   [4] 
 
 (b) If hFE is infinite, then the current into the base, IB, is zero.  Therefore, the 
voltage at the base, VB, may be determined by potential division of the resistors R1 and 
R2, 
 
    𝑉3 = −15. ;."

!.=/;."
= −11.57	V 

 
We are told that VBE is 0.6 V, so the voltage at the emitter, VE, is 
 
    𝑉> = −11.57 − 0.6 = −12.17	V 
 
Hence, the current at the emitter, IE, is that through R3, which is given by 
 
    𝐼> =

&"!."=&(&"2)
!.=×"0#

= 1.05	mA 
 
Finally, if IB is zero, then the collector and emitter currents must be the same, so 
 
    𝐼A = 1.05	mA  [4] 
 
 (c) (i) The small signal circuit is: 
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  (ii) We know that (1 + 𝑅,ℎ#B) is negligible compared with the rest of the 
contents of the brackets in the expression for Zc.  Also, ℎCB𝑅, ≫ ℎ#B𝑅,!, so the 
expression for Zc simplifies to  
 
    𝑍D ≈

"
E&+

, E,+(#
(#/E!+/()-

- (1) 

 
Now, R12 is the resistance of R1 and R2 in parallel, which is 2.80 kW, so 
 
    𝑍D =

"
!00×"0.

, !20×!.=×"0#

!.=×"0#/".2×"0#/!.0F×"0#
- = 537	kΩ  [2] 

 
  (iii) Zc scales with hfe from the reduced equation (1) in part (ii).  Hence, the 
tolerance on hfe is also ±10%.  Therefore, the range of hfe is between 225 and 275.  [3] 
 
 (d) The circuit for the differential amplifier incorporating the circuit of Fig. 3 is 
 

 
 
We want to sink a constant current through the tail of the long-tailed pair circuit.  
Hence, the output will not be affected by a common mode signal, but only the 
differential, resulting in a high CMRR. 
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 SECTION B 
 
3 (a) The advantages of using a per-unit system for analysing power supply 
networks are that all per-unit quantities are of a similar value and transformers are 
eliminated, factors of 3 and √3 are eliminated.  [2] 
 
 (b) We can calculate the line current by simply considering the real power 
consumed by the town as 
 
    𝐼G =

H
√,'/ JKLM

= =0×"0.

√,×;.;×"0#×0.F2
= 4800	A  [3] 

 
 (c) (i) The approach should be to use a per-unit calculation.  First, we need 
to choose a base apparent power for the whole system, and 500 MVA is appropriate.  
We then need to scale the per-unit reactances for the transformers that are not rated at 
the base apparent power.  As the step-up transformer is rated at 250 MVA, we need to 
multiply its per-unit reactance by two for a 500 MVA base, so its per-unit reactance 
becomes 0.2 pu.  Similarly, for the step-down transformer, we must multiply by four to 
give a reactance of 0.4 pu. 
 Next, we need to define base voltages.  It is normal to choose the rated voltage for 
the system, as this should scale appropriately with turns ratio of the transformers.  
Hence, the base voltage at the town is 11 kV.  NOTE: many students incorrectly chose 
the actual voltage at the town as the base value at this stage.  You can make this work 
by using the turns ratio to calculate the base voltage everywhere else.  You would also 
need to recalculate the reactances of the two transformers as well.  This is significantly 
more (and rather needless!) work. 
 Taking Vb at the town to be the rated voltage of 11 kV, we can calculate the base 
current at the town to be 
 
    𝐼N =

'70
√,'0

= 200×"0.

√,.""×"0#
= 26240	A 

 
We can now calculate the per-unit line current as 
 
    𝐼GO$ =

P/
P0
= -F00

!:!-0
= 0.183	pu 
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For the transmission line, the base voltage is 132 kV (using the rated values as 
discussed), so the base impedance over the transmission line is 
 

    𝑍N =
'0
-

'70
= Q",!×"0#R

-

200×"0.
= 34.85	Ω 

 
Hence, the per-unit impedance of the transmission line is 
 
    𝑍GO$ =

"0/"2j
,-.F2

= (0.287 + 0.430j)	pu 
 
Hence the per-unit power dissipated in the line is 
 
   𝑃O$ = 𝐼GO$! 𝑅GO$ = 0.183! × 0.287 = 9.61 × 10&,	pu 
    𝑃 = 𝑃O$𝑉𝐴N = 9.61 × 10&,. 500 × 10: = 4.8	MW  [4] 
 
  (ii) To calculate the generator excitation voltage, we need to know the 
total real and reactive power consumed by the system.  We will start with reactive 
power.  For the town, we know that the power factor cos𝜙 = 0.85, so 𝜙 = 31.79°.  
Therefore, 
 
   𝑄%#T+ = 𝑃%#T+ tan𝜙 = 70 × 10: tan 31.79° = 43.4	MVAR 
 
To calculate the reactive power dissipated in the rest of the system, we simply add up all 
of the reactances of the step-down transformer (0.4 pu), the transmission line (0.430 
pu), the step-up transformer (0.2 pu) and the generator (0.2 pu) to give a total reactance 
of 1.230 pu.  The total reactive power is then 
 
   𝑄5$OO$ = 𝐼GO$! 𝑋5$O = 0.183! × 1.230 = 4.12 × 10&!	pu 
   𝑄5$O = 𝑄5$OO$𝑉𝐴N = 4.12 × 10&! × 500 × 10: = 20.6	MVAR 
 
The total reactive power is that of the supply and that of the load, which is 
 
    𝑄%#% = 20.6 + 43.4 = 64.0	MVAR 
 
Similarly, the total real power is that of the supply calculated in part (i) and that of the 
town, which is 
 
    𝑃%#% = 70 + 4.8 = 74.8	MW 
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The total apparent power is therefore 
 
   𝑆%#% = a(𝑃%#%! + 𝑄%#%! ) = √74.8! + 64.0! = 98.4	MVA 
 
We can re-express this as a per-unit apparent power as 
 
    𝑆%#%O$ =

U(&(
'70

= ;F.-
200

= 0.197	pu 

 
Hence, the line voltage at the generator is 
 
    𝑉GO$ =

U(&(1'
P/1'

= 0.";=
0."F,

= 1.077	pu 

    𝑉G = 𝑉GO$𝑉N = 1.077 × 22 × 10, = 23.68	kV  [7] 
 
  (iii) Under the fault condition at point F, the per-unit circuit becomes 
 

 
 
The total per-unit impedance of the circuit is then (0.287 + 0.830j) pu.  Therefore, the 
per-unit fault current is 
 
    𝐼VO$ =

"
√0.!F=-/0.F,0-

= 1.139	pu 

 
For the transmission line, the base current is 
 
    𝐼N =

'70
√,'0

= 200×"0.

√,.",!×"0#
= 2187	A 

 
Hence, 
 
    𝐼V = 𝐼VO$𝐼N = 1.139 × 2187 = 2491	A  [4] 
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4 (a) To draw the phasor diagram for one phase, we need to know that the phase 
voltage 𝑉OE = 𝑉G √3⁄ = 22 √3⁄ = 12.7	kV, and that the phase angle between the 
voltage and current is 𝜙 = cos&" 0.75 = 41.1°.  The diagram, therefore, is 
 

  [4] 
 
 (b) As state in the question, the generator is operating at rated MVA (not at 
rated MW as used by many candidates who attempted this question) and so we can 
simply calculate the phase current as 
 
    𝐼OE =

U
,'12

= :00×"0.

,×"!.=×"0#
= 15748	𝐴 

 
The excitation can then be calculated using the cosine rule applied to the phasor 
diagram as 
 
    𝐸! = 𝑉OE! + (𝑋5𝐼)! − 2𝑉OE𝑋5𝐼 cos(90° + 𝜙) 
= (12.7 × 10,)! + (1.5 × 15748)! − 2. (12.7 × 10,). (1.5). 15748 cos(90° + 41.1°) 
    𝐸! = 1.116 × 10; 
 
    𝐸 = 33.4	kV 
 
Finally, we can calculate the load angle by equating the vertical components of E and 
XsI as 
 
    𝐸 sin 𝛿 = 𝑋5𝐼 cos𝜙 
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   ∴ 𝛿 = sin&" ,W2P JKLM

>
- = sin&" ,".2×"2=-F×0.=2

,,.-×"0#
- = 32.0°  [5] 

 
 (c) The excitation has been increased to 𝐸X.  The system is operating at rated 
MVA still, and therefore there will be a change in power (many candidates incorrectly 
assumed constant power output).  We can calculate the new load angle 𝛿X using the 
cosine rule again, as 
 

    cos(𝛿X) =
>-/'13

- &(W2P)-

!>4'13
 

   cos(𝛿X) = Q".02×,,.-×"0#R
-
/Q"!.=×"0#R

-
&(".2×"2=-F)-

!×".02×,,.-×"0#×"!.=×"0#
= 0.935 

    𝛿X = 20.7° 
 
The power factor may then be found by comparing the vertical components of E’ and 
XsI again as 
 
    cos𝜙 = >4 LYZ [4

W2P
= ".02×,,.-×"0# LYZ !0.=°

".2×"2=-F
= 0.52  [5] 

 
 (d) To draw the operating chart, we need to determine the length AO, which is 
 

    𝐴𝑂 =
,'13

-

W2
= ,.Q"!.=×"0#R

-

".2
= 322.6	MVAR 

 
The maximum length of OP is the stator heating limit of 600 MVA, which is a circle of 
this length around O.  The maximum length of AP is 
 
   𝐴𝑃]4) =

,'13>13(67$)

W2
= ,×"!.=×"0#×:0.:×"0#

√,×".2
= 890	MVA 
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From the figure, the range of 𝜙 is 31.2° to 55.0° for which stator heating is the limit, 
leading to a range of power factors of 0.518 to 0.819.  [6] 
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5 (a) The physical significance of each of the six components in the equivalent 
circuit is 
 

R1 Stator winding resistance 
X1 Stator leakage reactance 
R2’ Rotor winding resistance referred to the stator 
X2’ Rotor leakage reactance referred to the stator 
Xm Magnetising reactance 
Ri Iron loss resistance 

 
The slip, s, is the difference (fractionally) between the stator field speed and the 
physical roto speed.  The excitation of the rotor coil is dependent on this slip being non-
zero.  R2’ must be scaled by 1 𝑠⁄  to allow this effect to be accounted for in the 
equivalent circuit.   [4] 
 
 (b) (i) Let the phase current (which is also equal to the line current as this is 
star-connected) be I.  We are told that we can ignore the parallel loss components, so the 
total power input is 
 
    𝑃*+ = 3𝐼! ,𝑅" +

(-4

5
- 

 
The component 𝑅!X 𝑠⁄  is made up from the actual referred rotor resistance R2’, which is a 
loss term, and the remainder in which useful power is output.  Hence, power losses are 
given by 
 
    𝑃G#55 = 3𝐼!(𝑅" + 𝑅!X ) 
 
By conservation of power, the output power is therefore 
 
   𝑃#$% = 𝑃*+ − 𝑃G#55 = 3𝐼! ,𝑅" +

(-4

5
- − 3𝐼!(𝑅" + 𝑅!X ) =

,P-(-4

5
(1 − 𝑠) 

 
This can then be related to mechanical torque by 
 
    𝑃#$% = 𝑇𝜔^ = 𝑇𝜔5(1 − 𝑠) =

,P-(-4

5
(1 − 𝑠) 
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where 𝜔^ and 𝜔5 are the rotor and stator rotation speeds respectively.  By rearranging 
this, we have 
 
    𝑇 = ,P-(-4

5_2
 (1) 

 
which is the equation in the Data Book.  However,  
 

    j𝑉OEj = j𝐼OEj|𝑍| = 𝐼l,𝑅" +
(-4

5
-
!
+ (𝑋" + 𝑋!X)! 

    ∴ 𝐼! =
'13
-

`()/
9-
4

2 a
-
/QW)/W-4R

-
 

 
Hence, by substituting into equation (1), we gain the required result that 
 

    𝑇 =
,'13

- (-4

b`()/
9-
4

2 a
-
/QW)/W-4R

-c5_2

  [7] 

 
  (ii) Maximum torque occurs when we dissipate maximum power in 𝑅!X 𝑠⁄ , 
which according to the maximum power transfer theorem occurs when 
 
    𝑅!X 𝑠⁄ = |𝑍*+| = a𝑅"! + (𝑋" + 𝑋!X)! 
    ∴ 𝑠 = (-4

d()-/QW)/W-4R
-
  [5] 

 
  (iii) For maximum power output, we divide 𝑅!X 𝑠⁄  into the loss term R2’ 
and the output term, as 
 
    (-4

5
= 𝑅!X + 𝑅!X

("&5)
5

 
 
From the maximum power transfer theorem,  
    𝑅!X

("&5)
5

= |𝑍*+| = a(𝑅" + 𝑅!X )! + (𝑋" + 𝑋!X)! 

    ∴ 𝑠 = (-4

(-4/dQ()/(-4 R
-
/QW)/W-4R

-
  [4] 
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 SECTION C 
 
6 (a) We first determine the power in the laser pulse from 
 
    Pulse	power= Energy

Time
= !2

2
= 5	W 

 
We now want the power per unit area, 𝑁, which is 
 
    𝑁 = Power

q^-
= 2

q(0.2×"0:#)-
= 6.37 × 10:	W	m-2 

 
From the Poynting Vector, 𝑁 = |𝐸||𝐻| 2⁄  and the fact that the characteristic impedance 
of free space, 𝜂 = 𝐸 𝐻⁄ = 377	Ω, we have that 
 

    |𝐻| = l!tu

v
= l!×:.,=×"0.

,==
= 183.8	A	m-1 

    |𝐸| = 𝜂|𝐻| = 377 × 183.8 = 69.3	kV	m-1  [5] 
 
 (b) (i) We need to calculate the angular frequency of the light, which is 
 
    𝜔 = !qD

x
= !q×!.;;F×"0;

,00×"0<
= 6.28 × 10"2	rad	s-1 

 
In a conductor where 𝜎 ≫ 𝜔𝜀, the equation for the characteristic impedance of a 
conductive medium from the Data Book becomes 
 

    𝜂 = lj_y
z
= l{:.!F×"0)=×-q×"0:>

"0.
= (1 + j)62.8	Ω 

 
We now need the reflection coefficient for waves entering the conductor from free 
space, which is 
 
    𝜌 = v-&v)

v-/v)
= ("/j):!.F&,==

("/j):!.F/,==
= −0.68 + 0.24j 

    ∴ |𝜌| = 0.72 
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|𝜌|! is the energy reflected at the interface, and so the energy which enters the film is 
1 − |𝜌|! = 0.481, so the energy entering the film is 
 
    𝐸*+ = 25 × 0.481 = 12.0	mJ  [2] 
 
  (ii) For a conductor where 𝜎 ≫ 𝜔𝜀, the equation for the propagation 
constant of a conductive medium in the Data Book becomes 
 
    𝛾 = aj𝜔𝜇𝜎 = aj6.28 × 10"2 × 4𝜋 × 10&= × 10: 
    𝛾 = 𝛼 + j𝛽 = (1 + j)6.28 × 10= 
 
Power decays with distance, d, according to the real part of the propagation constant as 
exp(−2𝛼𝑑).  We want power to decay by a factor of 10–2, so 
 
    10&! = exp(−2𝛼𝑑) 
    −4.60 = −2𝛼𝑑 
    ∴ 𝑑 = -.:0

!|
= -.:0

!×:.!F×"0>
= 37	nm  

 
Therefore, this set up is well designed to absorb the majority of the power in a 50 nm 
thick film. 
 
 (c) The power density in the electromagnetic wave at the breakdown strength of 
air is 
 

    |𝑁| = |>|-

!v
= Q,×"0.R

-

!×,==
= 1.19 × 10"0	W	m-2 

 
The increase in power as a factor compared with part (a) is 
1.19 × 10"0 6.37 × 10: = 1874⁄ .  This is the area factor increase, so 
 
    "̂+?

-

&̂/@
- = "

"F=-
 

    ∴ 𝑟+BT =
^&/@
√"F=-

= 0.2×"0:#

√"F=-
= 11.6	µm  [4] 
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7 (a) To show that the velocity of the wave is 1 √𝐿𝐶⁄ , we need to show that the 
Telegrapher’s Equations can be converted into a wave equation.  To do this, we 
differential the first of the two equations with respect to x, 
 
    ~-'

~)-
= −𝐿 ~

~)
,~P
~%
- = −𝐿 ~

~%
,~P
~)
- 

 
We can now substitute from the other Telegrapher’s Equation to give 
 
    ~-'

~)-
= 𝐿𝐶 ~-'

~%-
 

 
This is a standard wave equation of the form ∇!𝜓 = "

�-
~-�
~%-

 where v is the velocity of the 
wave.  Hence by comparison with equation (1), we can see that 
 
    𝑣 = 1 √𝐿𝐶⁄  
 
 (b) The characteristic impedance, Z0, of a transmission line is the ratio of 
voltage to current at any point in the absence of reflections.  Applying the first of the 
two Telegrapher’s Equations to the equations given for VF and IF gives 
 
    ~'A

~)
= −j𝛽𝑉V𝑒j(_%&�)) = −𝐿j𝜔𝐼V𝑒j(_%&�)) = −𝐿 ~PA

~%
 

    ∴ 𝑍0 =
'A
PA
= �_

�
 

 
However, 𝜔 = 2𝜋𝑓 and 𝛽 = 2𝜋 𝜆⁄ , so 
 
    𝑍0 = 𝐿𝑓𝜆 
 
and 𝑓𝜆 = 𝑣 = 1 √𝐿𝐶⁄ , so 
 

    𝑍0 = l�
A
  [4] 

 
 (c) (i) We know the capacitance per unit length of the line and its 
characteristic impedance, so from the result to part (b) we can calculate the inductance 
per unit length to be 
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    𝐿 = 𝐶𝑍0! = 100 × 10&"!. 50! = 250	nH	m-1 
 
Therefore, the velocity can be found as 
 
    𝑣 = "

√�A
= "

√!20×"0:<×"00×"0:)-
= 2.0 × 10F	m	s-1 

 
(i.e. two-thirds of the velocity of an electromagnetic wave in free space).  A different 
dielectric would have to be used with a lower relative permittivity if the velocity of the 
wave is to be increased.  [2] 
 
  (ii) The VSWR is given by 
 
    VSWR=Maximum	voltage

Minimum	voltage
= "/�

"&�
 

    ∴ 𝜌 = VSWR-1
VSWR+1

= ".2&"
".2/"

= 0.2 
 
We can relate the reflection coefficient to the impedance of the transmission line and its 
load according to 
 
    𝜌 = �B&�C

�B/�C
 

    𝑍� = 𝑍0
"/�
"&�

= 50 "/0.!
"&0.!

= 75	Ω 

 
NOTE: it is also acceptable to use a relection coefficient of –0.2, in which case the load 
impedance is 33.3 W.   [5] 
 
  (iii) From the Data Book, 
 
    𝑍*+ = 𝑍0

�B/�Cj ��Z(�G)
�C/�Bj ��Z(�G)

 

 
We want 𝑍*+ = 𝑍�, so tan(𝛽𝑙) = 0, and therefore 
 
    𝛽𝑙 = 𝜋 
    ∴ 𝑙 = q

�
= q

!q x⁄
= x

!
= �

!C
= !×"0;

!×"0×"0.
= 1	m  [4] 
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 ELECTRICAL ENGINEERING 
 
 
1 (c) (i) R1 = 240 kW, R2 = 12 MW 
  (ii) R3 = 240 kW, R4 = 5 kW 
  (ii) Circuit of Fig. 2 
 (d) Type C 
 (e) 200 kHz 
 
2 (b) IC = 1.05 mA 
 (c) (ii) ZC = 537 kW 
  (iii) hfe should be in the range of 225 to 275 
 
3 (b) Il = 4800 A 
 (c) (i) P = 4.8 MW 
  (ii) Vl = 23.68 kV 
  (iii) IF = 2491 A 
 
4 (b) Stator current (phase) = 15750 A, Excitation = 33.4 kV, Load angle = 32.0° 
 (c) Load angle = 20.7°, Power factor = 0.52 
 (d) Power factor in the range of 0.518 to 0.819 
 
6 (a) |H| = 183.8 A m–1, |E| = 69.3 kV m–1 
 (b) (i) 8.9 mJ 
  (ii) 55 nm 
 (c) 11.6 µm 
 
7 (c) (i) 2.0×108 m s–1 
  (ii) 75 W (or 33.3 W) 
  (iii) 1m 


