Engineering Tripos Part IB, 2022  Paper 2P6
2P6 - Crib 2022 - A gv, B sjg)

TPt To2v (b

DA)'!) Sj.bbcvw ua;c,os > be miwf@ccc«(g &:M@
'E;, So , upac S sods cas M}e.,enc: /fveq/uw«(.(»e,s a-A
weog wye Z)a“‘.-mua\ /‘/za,se SL«[J,« 9 yea/o%z %/cmge
Mg \)L \';"'ﬁ’(' )q,—c)\ L?A({ < lo:j L;Zw-—-e o fcbb/f’ Jow‘—,

e - A2
ii) We o) \oop S ASC e s Scebds xf/ od.
@Mb LJ/ @&— \1\5_"31/@50 A§q$m~ o ul& ope— ID*K e pre—
formeion (T, >y (&-o)B lecwes Lﬂ""v —L Pl o> S (3@:(@—

[

)\065 Lo s %CQ’LL -’l>

\;.) l) P\/\%& L/I/?lej‘(ﬁﬂ —=30°
AN vmeyin = Vot = 4SS
DTy o rel Sqsen U wp b 348
Nve ceter _QLL ﬂﬁ“ﬁf Loy wp Lo 30" —o- (m
Jten c\osc &~ \oo(P %chcm— LS Su«ga
) PR =317 wlel ke 1TW = 04F

o L
L = SA T D k= 061 @

\ §6

I(\') wox | ikl = 1/o =8 = _ﬁ,’é}@






/L) — o~ Ll\ =

09/‘%?/11

\DD 7(\ ® - oL ()::\fg
% X -l palg

r
cLeE o\ 4 A o & (S sy FU =
G-V (> <745 +4 =5

(> S=-Vox YEISY

OL g W/\SL/“‘XL’C @
L s &g_vy‘ocou‘caé\i) Sueble

9 ALY = Wer - 1 (s-) ()
T .
| E+r1L)6-9 S rsta
. |
“ () = ——— = (S32)(s-) -
L l* S L
() S=+5+49

Cily 52 0 Gule) = f%_ = fioh vede
Pl glepe = \sS (g =
{25

w3 Ve =4 D 3l =l






408% |

T o X

o T
110 @
D LGy = 157 = —95 4 2 s Ol
7) Lo o\ = 30°
=) O w =2 o Z0° < d?/z
=2 W= \D/JE - S7Y

| Gl = 2\ _
1o (14 (2 ) e

5 >
= O 06%) oo\
2D Ko | - = &35 1=
L G(oy) = -0 ) L\ Cc%\o>: o |

(O .1»
= &GN - 2AUES g

&

BVw 4 \o \/Ar)\]g



iPad

iPad

iPad

iPad

Timothy O'Leary
- 40


G,\/\ :l/ (D . |O C/o) ,/\1\00
\'§ ( §+)O) S 4\ 55’\"0) /5+l°b)
g-@& a—-Q>O\)L &/Dv @OJ.Z, C(lM \>\u,e,> @

AD C/wa}zgf %AQJQ\ =) Jemeo Gy
Sovme PA 2D Siniler dempg (DD

LU\ D



Version —

4.(a) Suppose that a signal f(¢) has Fourier transform F(w), defined as follows:

I, |w| <wy
F(w) =
0, otherwise

Determine the time function f(1). (3]

Solution: Using inverse Fourier transform:

(1) = % / . F(w)e!“ dw

—00
1 +w
= — e/ dw
27 J—w
1 .
— Jjwt1+w
2jnt [ =y
1 . sin(wqt)
= 2,—(2] sin(wgt)) = ————
jrt nt

Solutions using tables and the duality theorem would also be acceptable

What is the total energy of f(¢)? [2]

Solution: Using Parseval to compute it in the frequency domain:

+00

E |F(w)|2dw:w0/7r

:E .

(b) A new signal is made up as the product of functions as follows:

sin(wqt) sin(wyt)
t t

f1(2) =

where w| < wy. Determine the Fourier transform of fj () and sketch it as a function
of frequency. [8]

Solution: From the first part, or tables, the FT of each component is

T, |w| <wp
Fi(w) = ,
0, otherwise

and
7, |w| <w;
F(w) = ,
0, otherwise
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The convolution theorem states that we need Fy = F» [2n:

Wi, lw| < wy — w
Fi+«F2r={win(l - (Jo| - (wy —w1))/Qw))), wr—-w; < |w] <w)+w)

0, otherwise

Sketch:... flat central section from O up to wy — w1 and then linear decay to zero up

o wy) + wjg.

(c) Determine the fraction of the total energy in fj(¢) that lies above frequency

Wy — 1. (7]

Solution: We use Parseval to find the energy within each frequency range (noting
that we must include negative and positive frequencies at each w, hence factors
2X’):
0towy —wy:

2% (1/2m)win’(wy = w1)

+twy —wp to +wy +wq:

2&)1
2 X 1/(27r)w%712 / wz/(4w%)d(u (using change of variables w — (wy + W] — W))
0

= 71/12[0)3]30)1 = 2/37ra):1;

And so ratio is:
2/ 37rw? 2wy

2/37w)? +2 X (1/(27r))w%712(w2 - wp) B (Bwy — wy)

(d) It is desired to sample the signal at regular times, obtaining samples fj(nT).
Make two sketches of the spectrum of the sampled signal, corresponding to the two
cases T = n/(wy) and T = /(w7 + w1). What is the maximum allowable sampling
period T if fj(t) is to be perfectly reconstructed from its sampled values? [5]

Solution: 7 = 7/(w>):

In this case sampling frequency is 2wy, which is not twice the max. frequency
component in fi, so aliasing distortion occurs.

Sketch - sampled spectrum is a flat line across all frequencies.

T=n/(wy+wi):

Now we have 2wy, which is twice the max. frequency component in f|, so no aliasing
distortion occurs and the spectra are adjacent to each other without overlap:
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Sketch ...

Hence T = n/(wy + w1) is the maximum allowable sampling period.

END OF PAPER
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(a) The DFT for a signal is defined as

N-1
X = Z xp exp(—j2nnk/N)
n=0
(i)  If x, regularly sampled every 3 s from a continuous-time function x(#), what
frequency in Hz would component X3 correspond to when N = 107? [3]

Solution: Sampling frequency is 2 /3 rad.s™L. Split this into N = 10 bins of width
27/30 rad.s™\. Hence X3 corresponds to 3 X2 /30 = 2x/10 rad.s™!, i.e. 0.1Hz.

(ii)) Show that the DFT of a constant signal x,, = C is given by

CN, k=0
Xy =
0 otherwise
[5]
Solution:
N-1
X, =C Z exp(—j2nnk/N)
n=0

(1 —exp(—j2mk)

(1 —exp(—j27k/N)
0

= (1 = exp(—j27k/N)

Now, numerator always zero, but could denominator also be zero (and hence
indeterminate). For k = mN, for integer m, denominator would be zero. Hence

consider this case as a limit, or just rework as a special case for k =0 (i.e. m =0):

N-1

X, =C Z exp(—j2rn0/N)
n=0

=CN

Hence DFT is as proposed.

(iii)) The inverse DFT is defined as

N-1

1
Xp=— Z Xy exp(j2nnk/N)
N k=0
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Show that use of this formula to calculate x;, for n outside the range O to N —1 implies
periodicity of the data, i.e.
Xn+N = Xn

and, for the case where X}, is purely imaginary,

X—n = _xn
[5]
Solution:
1 N-1
XneN = 7 ), Xk exp(j2n(n+ N)k/N)
k=0
1 N-1
=¥ Xy exp(j2ank/N) = xp

so data can be considered ‘periodic’.

When X}, is purely imaginary:

Xk = J'X,gi)
And so,
. N-1
X_p = % Z X]El) exp(+j2nnk/N)
k=0
_q (N=l

= Z jX]Ei) exp(—j2nnk/N)
k=0

*

%
=—X,

as required.

(b) The Fourier transform of a baseband signal xj(¢) is shown in Fig. 1. A passband
signal x(¢) is generated from xj,(¢) and a complex sinusoid of frequency f, as follows.

x(t) =Re [xb(t)ej%fct] )
Here Re(a) denotes the real part of the complex number a.

(i) Show that the Fourier transform of x;;(t) is X Z(— f). (Here a* denotes the

conjugate of a complex number a.) [3]
(i) Determine an expression for X ( f), the Fourier transform of x(¢), in terms of

Xy (f). Hint: For a complex number a, Re(a) = % (4]
(iii) Sketch X(f). [5]
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