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Dail System needs to be asymptotically stable.④
If so

, input sinusoids at different frequencies and
measure gain - and phase ship. q response . Response

may be large , a-d take a long time to seethe down
.

near resonance .

ii) The closed loop system is stable if a-d
only if ite ooyqiiiso diagia- q ite ope

- loop tenner

fu-u-io-CTu-syl.jo) ) leaves the =L
,

point to its leg- Lou
does moverscite - 1) - ④

b) i) phase margin ⇒0°

gain margin = 1/0=9 = 3.45

⇒ If giain of real system is wp-L-3.ES
greater OR phase Las up to 30° -one lag ⑥=

item closed loop system is stable

ii) PM = 39-0 when Kz 112.23 = o.CI
w II. 1

we = ?% ✗ IT ⇒ 2=0.6-2 ⑥

Iii) Max I 111th I = 1/0.38 = 2.63-50
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4.(a) Suppose that a signal 𝑓 (𝑡) has Fourier transform 𝐹 (𝜔), defined as follows:

𝐹 (𝜔) =


1, |𝜔 | < 𝜔0

0, otherwise

Determine the time function 𝑓 (𝑡). [3]

Solution: Using inverse Fourier transform:

𝑓 (𝑡) = 1
2𝜋

∫ +∞

−∞
𝐹 (𝜔)𝑒 𝑗𝜔𝑡𝑑𝜔

=
1

2𝜋

∫ +𝜔

−𝜔0
𝑒 𝑗𝜔𝑡𝑑𝜔

=
1

2 𝑗𝜋𝑡
[𝑒 𝑗𝜔𝑡]+𝜔−𝜔0

=
1

2 𝑗𝜋𝑡
(2 𝑗 sin(𝜔0𝑡)) =

sin(𝜔0𝑡)
𝜋𝑡

Solutions using tables and the duality theorem would also be acceptable

What is the total energy of 𝑓 (𝑡)? [2]

Solution: Using Parseval to compute it in the frequency domain:

𝐸 =
1

2𝜋

∫ +∞

−∞
|𝐹 (𝜔) |2𝑑𝜔 = 𝜔0/𝜋

(b) A new signal is made up as the product of functions as follows:

𝑓1(𝑡) =
sin(𝜔1𝑡)

𝑡

sin(𝜔2𝑡)
𝑡

where𝜔1 < 𝜔2. Determine the Fourier transform of 𝑓1(𝑡) and sketch it as a function
of frequency. [8]

Solution: From the first part, or tables, the FT of each component is

𝐹1(𝜔) =

𝜋, |𝜔 | < 𝜔1

0, otherwise

and

𝐹2(𝜔) =

𝜋, |𝜔 | < 𝜔2

0, otherwise
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The convolution theorem states that we need 𝐹1 ∗ 𝐹2/2𝜋:

𝐹1 ∗ 𝐹2/2𝜋 =


𝜔1𝜋, |𝜔 | < 𝜔2 − 𝜔1

𝜔1𝜋(1 − (|𝜔 | − (𝜔2 − 𝜔1))/(2𝜔1)), 𝜔2 − 𝜔1 ≤ |𝜔| ≤ 𝜔1 + 𝜔2

0, otherwise

Sketch:... flat central section from 0 up to 𝜔2 −𝜔1 and then linear decay to zero up
to 𝜔2 + 𝜔1.

(c) Determine the fraction of the total energy in 𝑓1(𝑡) that lies above frequency
𝜔2 − 𝜔1. [7]

Solution: We use Parseval to find the energy within each frequency range (noting
that we must include negative and positive frequencies at each 𝜔, hence factors
‘2×’):
0 to 𝜔2 − 𝜔1:

2 × (1/(2𝜋))𝜔2
1𝜋

2(𝜔2 − 𝜔1)

+𝜔2 − 𝜔1 to +𝜔2 + 𝜔1:

2 × 1/(2𝜋)𝜔2
1𝜋

2
∫ 2𝜔1

0
𝜔2/(4𝜔2

1)𝑑𝜔 (using change of variables 𝜔 → (𝜔2 + 𝜔1 − 𝜔))

= 𝜋/12[𝜔3]2𝜔1
0 = 2/3𝜋𝜔3

1

And so ratio is:

2/3𝜋𝜔3
1

2/3𝜋𝜔3
1 + 2 × (1/(2𝜋))𝜔2

1𝜋
2(𝜔2 − 𝜔1)

=
2𝜔1

(3𝜔2 − 𝜔1)

(d) It is desired to sample the signal at regular times, obtaining samples 𝑓1(𝑛𝑇).
Make two sketches of the spectrum of the sampled signal, corresponding to the two
cases 𝑇 = 𝜋/(𝜔2) and 𝑇 = 𝜋/(𝜔2 +𝜔1). What is the maximum allowable sampling
period 𝑇 if 𝑓1(𝑡) is to be perfectly reconstructed from its sampled values? [5]

Solution: 𝑇 = 𝜋/(𝜔2):
In this case sampling frequency is 2𝜔2, which is not twice the max. frequency
component in 𝑓1, so aliasing distortion occurs.
Sketch - sampled spectrum is a flat line across all frequencies.
𝑇 = 𝜋/(𝜔2 + 𝜔1):
Now we have 2𝜔2, which is twice the max. frequency component in 𝑓1, so no aliasing
distortion occurs and the spectra are adjacent to each other without overlap:
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Sketch ...
Hence 𝑇 = 𝜋/(𝜔2 + 𝜔1) is the maximum allowable sampling period.

END OF PAPER
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b) it Optimal detection rule :

If I
-

- ( I , , . . . Iz ) is the detected

feq .

.

for i=l , - . -7 :

Ii -
- {

2 if Yi 30
- 2 if Yi co -

Fi

={
0 if Yi 70

1 if Ii
co .

Iii ) Sequence of received bib -

I = [ O l l 0 I 0 1)

all circles

have

"

÷
parity

.

540



Therefore decoded Hamming codeword

I
= ( o l l 000 1)

Transmitted into bits = 0 110
'

-iii) A decoding error occurs with a

Hamming code if the channel flips
two or more bib .

Prob . rg decoding error
=L - Mob . ( channel flips 0 or 1 bill

= I - ② - 8)
^

- 7 (0.8%10-2)

=
0-423€
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