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4.

2P7 - 2024 - Solutions
(a) The determinant of A is 2(1 +5) — (1 +5) + 2e*(5 — 5) = 6(2 — ¢).
It is zero when ¢ = 2. So A is full rank when ¢ # 2.

(b) Since a, b and ¢ form the rows of A and A is not full ranked when
t = 2, the vectors are linearly dependent.

(c) Since A is not full ranked, nor is A7 So it must have a non-trivial
null space. Since 3a/2 4 2b — ¢ = 0, the null space is spanned by the
vector [3/2,2,—1].

(d) Simplest is u; = [1,1,0]/v/2 and uy = [0,0,1]. Obtained by Gram-
Schmidt orthogonalization, or just by inspection. The general solu-
tion is [¢/v/2,¢/v/2,s] and [~s/v/2, —s/V/2, c|, where ¢? + s = 1.

(e) ny = [1,—1,0]/v/2. Also obtained by G-S orthogonalization.

(a) For eigenvalues, det(A — \I) = 0, yields, (A —2)(A\> — 1) = 0. So

A3.21 = 2,—1,1. The corresponding eigenvectors are vz = [0, 1,0]7,
vy = [~4/5,0,3/5]" and v, = [3/5,0,4/5]7.

(b) p1 = A1 =1, p2 = A2 = —1 and p3 = A3 = 2. They are just
the eigenvalues. Can be verified by taking a dot product with the
eigenvectors and using orthonormality.

(¢) Taking the dot product again yields, 8 = )\ﬁ.
(d) Noticing that A™ = A\fvjol + ANwvgvd + Mvsvl

1 0 0
Am=10 2» o],
0 0 1

= = V .
because )\% 9 =180 ATy =1 for even n
, ,

(a) Binomial B(n=20,k=10,p=0.55) = grt5;p¥ (1 — p)"~ =~ 0.1593.

(b) The probability of winning w, is the sum of the probability of winning
the next two points and w times the probability of winning exactly

one of the next two, ie w = p? + 2wpq = w = 1f22pq ~ (.5990.

2
Alternately, via geometric series w = > - (2pg)*p? = I _pzpq, any

number of pairs of points going either way 2pgq, and two wins p?.

(c) Expectation and variance of B(n,p) is 4 = np and 0% = npq. So, we
want fiij N(p, 0%)dz = d(H2=1) ~ 0.5889 (table or calculator).

(d) Under the null hypothesis, the probability of winning a game is p =
0.5. Thus, the probability of the observed outcome or something
more extreme is 2 X 0.5° = 0.0625 (two sided), which we would not
reject at a = 0.05.
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