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An aerofoil has the following camberline
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a) Use thin aerofoil theory to determine the zero-lift angle of attack.
b) At what angle of attack (in degrees) would you expect the max
adverse pressure gradient along the airfoil surface to be a
minimum? Explain your answer with sketches.
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for n # 1. The integrals in (70) are straightforward, giving

q=2ra+m [go + %1] . (72)

Notes:

(i) Unsurprisingly, because the linear solution allows us to separate the incidence and camber
effects, the lift-curve slope is that of the flat plate (at small angles): 2.

(ii) The camber contribution comes from just the first two terms in the Fourier series for

~2(dye/dz).

(i) The lift coefficient of the cambered aerofoil can alternatively be expressed as

C = 271‘(& - Ozo), (73)
where o o
ag = — (5 + 74—) (74)

is the angle at which the aerofoil produces zero lift. For the positive-camber case, where
go + 91/2 > 0, it will be negative.

The effect of camber on the lift curve is shown schematically in Figure 16.

Figure 16: Thin aerofoil theory lift predictions for flat plate and cambered aerofoils.

The aerofoil pitching moment (anti-clockwise positive, about the leading edge) is given by
the integral of elemental lift contributions multiplied by their moment arms, i.e.

M= /0 (o1 — pu)ldL. (75)

The pitching moment coefficient, ¢, is defined as the non-dimensionalisation of M by % pU?c?,
and (from (67)) p; — pu = —pU", 50

2 ¢ v
on = /0 Tl (76)

Substituting (69) for v and using I = (¢/2)(1 + cos ¢) gives

24



An aircraft (weight W) is in steady flight (air density rho) with a velocity V. It features a wing with semi-span s and an aspect ratio AR
a) Determine the induced drag coefficient from lifting line theory as a function of rho, W, V, s and AR. You may assume elliptical wing

loading.
b) Using the simple horseshoe vortex model, estimate the induced drag coefficient. Explain why it is different from the results from a)
¢) Show that a modified horseshoe vortex model which makes use of the effective span s’ and an effective downwash w’ can provide

an improved estimate of the induced drag coefficient. Express s’ and w' as functions of m, V, AR and rho.
d) compare the relationship between induced drag and lift coefficients for the lifting line model with that from the modified

horseshoe vortex model used in c).
e) what aspects of the wing flow are better described by the modified horseshoe vortex model and which weaknesses remain?
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3.3.6 Viscous drag estimation

If one has drag data. for the section shape(s) used in the wing, then the results of the lifting-line
calculation can be used to provide an estimate of the viscous drag, via integration of the local
section drag contributions. Recall that the local lift, I(y), is equal to pUT(y), so

M) = 2 = JUeaty). (155)

This means that the local lift coefficient, ¢;, can be calculated from the circulation distribution.
The viscous drag coefficient, cg, is typically given in ‘polar’ form as a function of ¢;, so we now
know the local drag, 3pU%c(y)ca(y), and can thus calculate the overall drag coeflicient via a
numerical evaluation of the integral

Cpy = % _s c(y)eq(y)dy. (156)

3.4 Refinements to the horseshoe-vortex model

In light of the discussion of lifting line theory it is possible to make some adjustments to the
horseshoe-vortex model to improve its accuracy. In the model, downwash was calculated at the
centre and assumed constant along the wing. We now know this not to be the case unless the
wing loading is elliptic. However, given that realistic wing shapes have lift distributions that are
not too different from elliptical this simplification is not too bad in principle. Nevertheless, the
downwash magnitude predicted by the horseshoe-vortex model is also wrong, for two reasons:
1) The actual downwash velocity is induced by a vortex sheet and not by two discrete vortices.
2) The tip vortex formation is more complex than described by the model, and the eventual
vortex spacing is smaller than a wingspan.

We could address 1) by using the equation for elliptic downwash instead (wq = I'n/4s). A
further improvement of the horseshoe vortex model is to modify the spacing of the tip vortices
downstream of the wing. To do so, we can consider the actual development of the wake, as
shown schematically in Figure 52.

Figure 52: Formation of tip vortices

As a starting point, recall that vortex lines move with the flow (in an inviscid fluid). Now
add the requirement that the flow is steady, so our thin, vortex-sheet, wake is fixed in space.
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The only way these two statements can both be true is if the local flow velocity in the wake lies
in the plane of the sheet. Thus, to a first approximation, we might expect the wake to consist
of a flat vortex sheet more-or-less in the free-stream direction. In fact, though, the additional
velocity components (associated with the bound and wake vorticity) result in the wake ‘rolling
up’ into a pair of concentrated streamwise vortices (Figure 52). These eventually become the
‘tip vortices’ of the horseshoe-vortex model, however, as we can see they form somewhat inside
the actual wing span, at a spacing called the effective span .

3.4.1 The effective span

The lift on the bound segment of the horseshoe vortex is pUT'.2s', and this tells us that the
effective span must be less than the true span if we are to predict the correct lift, because the
real bound circulation drops below T'g as the wing tips are approached. For the particular case
of the elliptic lift distribution, we have (from (140))

L= pUFg.g, (157)
SO
g = %s. (158)

In general, the requirement that the lift is correct says that pUT.2s' must be equal to the
integral of pUT'(y), i.e.

1 8
7

§ =— T'(y)dy. 159
st | Ty (159)
One can also ask whether the effective semi-span required to match the lift gives an accurate
representation of the trailing vortex locations. The dynamics of wake roll-up are beyond the
scope of this course, but it can be shown that the rolled-up vortices should end up at a spanwise

coordinate equal to the ‘centroid’ of the shed vorticity distribution, i.e.

1[5/ dU
j— — ) ydy. 160
7] I10/0 ( dy>y ] (160)

Reassuringly, this turns out to be exactly the same as ¢, as given by (159). The proof of this
result is left to the energetic reader (hint: integrate by parts).

Whether it is worth improving’ the simple horseshoe-vortex model is debatable. Even with
the above 'fixes’ it can not give very accurate answers. The main value of the model lies in
its ability to describe the main effects of other lifting surfaces and vortices in the vicinity (for
example in formation flying or ground effect). Most of these effects are relatively well captured
when using the simple model (where I' = I'g and s’ = s ) and the extra effort seems hardly worth
it. However, please note that some of the examples paper answers (and old exam questions) are
occasionally calculated with a more refined model using the above effective span or the actual
downwash predicted by the lifting line model for elliptic wing loading (although I have made
efforts to edit any inconsistencies).
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