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Therefore the finite difference approximation is  
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(""#$% − ""#) = 2""$%# − 22""# + 	2""&%# +3""#$% − 23""# + 3""#&% 

With 2 = '()
*(+! and 2 = '

*(, 

Collecting terms together 

""#$% = 2""$%# − (22 − 23 + 1)""# + 	2""&%# +3""#$% + 3""#&% 

b) When the conduction in the x-direction is neglected, the equation becomes 
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Which is parabolic. This means it can be marched forward in x with time-marching being 

replaced by x-marching. The boundary conditions given are sufficient for this, i.e. an initial 

condition at x = 0, and values temperatures at the walls. If the conduction in the x direction is 

included, the equation now becomes elliptic. This means that the boundary conditions provided 

are not sufficient. This can also be seen from the update equation which can no longer be 

marched forward explicitly in the x direction. At the outlet, the update equation cannot work 

without some form of boundary condition, i.e. an outlet boundary condition, supplied. The 

problem is now a boundary value problem and it is only possible to get a solution by 

simultaneous computation across the entire domain.  

ci)  



""#$% = 2""$%# + (1 − 22)""# + 	2""&%#  

""#$% = "- + 2(−1)"$%5 + (1 − 22)(−1)"5 + 	2(−1)"&%5 

""#$% = "- + (−1)" 	(−25 + (1 − 22)5 − 25) 
""#$% − "- = (−1)"5	(1 − 42) 
""#$% − "- = 7""# − "-8(1 − 42) 

 

So disturbance decay shrink if |(1 − 42)| < 1 

−1 < (1 − 42) < 1 
 

−2 < −42 < 0 

0 < 2 < 1
2 

 
%Δ#
&Δ)! <

1
2 

Note that “otherwise” can note that when (1 − 22) is negative, the new temperature is no 
longer a weighted average of the previous values at i, i+1 and i-1, so there is no smoothing 
filter.  
cii) 
 

""#$% − ""# = 2""$%#$% − (22)""#$% + 	2""&%#$% 

−""# = 2""$%#$% − (22 + 1)""#$% + 	2""&%#$% 

""# = −2""$%#$% + (22 + 1)""#$% − 	2""&%#$% 

Now set the future j to have the disturbance and see how its magnitude has evolved.  

""#$% = "- + (−1)"5 

""# = "- + (−1)"5[42 + 1] 
""# = "- + (""#$% − "-)[42 + 1] 

""#−"-
42 + 1 = (""#$% − "-) 

This unstable if  |(1 + 42)| < 1 

−1 < 42 + 1 < 1 

−2 < 42 < 0 

−12 < 2 < 0 

But since 2>0 then this implicit scheme is always stable. However, the implicit scheme cannot 

be marched explicitly, and instead a set of linear equations must be solved to move form j to 



j+1. So it’s more work but more stable. However, if you make Δ# too large, whilst it might be 

stable, the solution might be not very good. Though for large x it will converge correctly to the 

steady state.  

 

 

 

7 (a) The central finite difference estimate for the first derivative is ./.) =
/"#$&/"%$

!() . Show 

that the leading order error term is >(Δ#!)?[25%] 
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Subtracting 
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Therefore, the leading error term is %2!
0&+
0)&?) Δ#

!	, which is >(Δ#!) as required.  

 

  (b) Using three equally spaced grid points, find an expression for the highest order 

forward difference estimate of ./.).   
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Eliminate the O(Δ#!) 
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Therefore  

 



@)
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= −)#$! + 4)#$%−3)"
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And the error is O(Δ#!	) 
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