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EGT2
ENGINEERING TRIPOS PART IIA

Wednesday 3 May 2023 9.30 to 12.40

Module 3A3

FLUID MECHANICS II

Answer not more than five questions.

All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is indicated
in the right margin.

Write your candidate number not your name on the cover sheet.

STATIONERY REQUIREMENTS
Write on single-sided paper.
Use the graph paper for Q3.

SPECIAL REQUIREMENTS TO BE SUPPLIED FOR THIS EXAM
CUED approved calculator allowed.
Attachments:
Compressible Flow Data Book (38 pages);
Engineering Data Book

10 minutes reading time is allowed for this paper at the start of
the exam.
You may not start to read the questions printed on the subsequent
pages of this question paper until instructed to do so.

You may not remove any stationery from the Examination Room.
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1 Figure 1 shows the position-time diagram for a piston impulsively started in an
open-ended tube. The air in the tube is initially at rest at an ambient temperature and
pressure of 288 K and 105 Pa respectively. Initially the piston is at rest. At time t = 0
the piston velocity rises instantaneously to 220 ms�1. The piston velocity then remains
constant.

(a) By using a frame of reference moving with the shock wave, express the ratio of
densities on either side of the shock as a function of the piston and shock velocities. [20%]

(b) Using the result of part (a) and the normal shock tables, show that the velocity of
the shock is approximately 497 ms�1. Calculate the static temperature and pressure of the
air in region 1 (see Fig. 1). [40%]

(c) When the shock wave reaches the open end of the tube a left running expansion
wave is formed. Calculate the velocity and static temperature of the gas in region 2. You
may make use of the Riemann invariant for a left running wave:

V +
2a

� � 1

where V and a represent the local flow and sound speed, respectively, and � is the ratio of
specific heat capacities. [20%]

(d) At time T the front of the expansion wave contacts the piston face. Calculate the
location of the piston in the tube, as a percentage of the tube length L, at time T . [20%]
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Fig. 1
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2 The inlet of a convergent-divergent nozzle is connected to a large plenum of air at a
stagnation pressure p0. The nozzle exhausts to a second large plenum of pressure pe. The
stagnation pressure at the exit plane of the nozzle is p0e. The flow through the nozzle is
adiabatic and frictionless.

(a) Sketch the pressure distributions along the nozzle as pe/p0 is gradually reduced.
Explain how p0e/p0 varies. If there is a 6.1% drop in stagnation pressure from nozzle
inlet to exit, find the area of the nozzle relative to the area of the throat at which the shock
is located. [40%]

(b) The ratio of the exit area to throat area of the nozzle is 1.2. The duct has the same
drop in stagnation pressure as specified in part (a). Calculate the Mach number at the exit
of the nozzle Me and the pressure ratio pe/p0. [25%]

(c) The cross-sectional area of the divergent section of the nozzle varies linearly with
distance downstream of the throat. The pressure ratio pe/p0 calculated in part (b) is altered
so that the shock moves downstream by 20% of the length of the divergent section of the
duct. Calculate the percentage change in pe/p0 from that calculated in part (b). [35%]
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3 A lightweight supersonic jet aircraft is being developed to operate over a range
of Mach numbers, 1.40 < M < 1.80. Di�erent designs of engine intake are under
consideration. The first, sketched in Fig. 2a, is a conventional external compression
design using a 9� wedge, designed such that the shock system is focused on the cowl lip
at M = 1.80. As the development progresses, performance at M = 1.40 becomes more
significant and it is proposed to replace the intake with a pitot type, sketched in Fig. 2b,
incorporating a splitter plate to isolate the intake from the fuselage boundary layer. By
removing the splitter plate, as sketched in Fig. 2c, it is found that the fuselage boundary
layer forms a smooth curved ramp ahead of the intake and the pressure recovery in the
lower half of the intake is improved compared with that of the design sketched in Fig. 2b.

(a) Draw carefully labelled sketches of the shock systems for all three intakes at
M = 1.40. [60%]

(b) Using increments of M = 0.1, plot the pressure recovery of the intake, sketched in
Fig. 2a, in terms of the ratio of stagnation pressure, over the range 1.40 < M < 1.80. Use
the graph paper provided [20%]

(c) Calculate the reduction in pressure recovery at M = 1.40 by changing from the
intake sketched in Fig. 2a to that in Fig. 2b. [10%]

(d) Calculate the percentage of the reduction in pressure recovery calculated in part (c)
regained by removing the splitter plate in the design sketched in Fig. 2c. Other than
di�erences in stagnation pressure, you may assume the flow into the intake is uniform. [10%]
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(a)

(b)

(c)

Fig. 2: (Not to scale)

Page 6 of 12



Version AA/9

4 An industrial air heater consists of a tube of constant cross-sectional area surrounded
by an electrical heating element. Air enters the tube at a temperature of 120�C with a
velocity of 150 ms�1. Heat is supplied at a rate of 400 kJ per kg of air flowing. The e�ects
of friction are negligible.

(a) Calculate the Mach number of the air at each end of the tube. [40%]

(b) Draw and label a T � s (temperature-entropy) diagram to illustrate the process.
Include the Rayleigh line on your diagram. [20%]

(c) The rate of heat addition is increased. Why is there a maximum rate of heat addition
that can be accepted before the inlet conditions to the tube are found to change? Determine
this maximum rate of heat addition. [40%]
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5 Dry air enters a solid-walled channel at a supersonic Mach number, M = 2.40. The
channel contains a constriction, sketched in Fig. 3. The floor of the channel turns through
10� at point A and then by a further 6� at point B, as shown in the figure. At point C
the flow turns back to its original direction. There is a sharp corner of 16� at point D
followed by a smooth curve in the floor between points D and E that returns the channel
to its original direction. The flow in region 1 (upstream of A), region 2 (between points C
and D) and in region three (downstream of E) is parallel to the flat roof of the channel and
is uniform.

(a) Draw a carefully labelled sketch of the supersonic flow features in the channel. [40%]

(b) Calculate the Mach number in region 2. [10%]

(c) Calculate the static pressure in region 2 in terms of the incoming static pressure, p1. [10%]

(d) Estimate the Mach number in region 3, stating your assumptions. [20%]

(e) Estimate the static pressure in region 3 in terms of the incoming static pressure, p1,
and briefly comment on your answer. [20%]

Fig. 3
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6 Water, with thermal di�usivity ↵, flows between two parallel flat plates of length L

and separated by a distance h. At steady state, the temperature is governed by

u
@T

@x
= ↵

 
@2

T

@x2 +
@2

T

@y2

!
.

The velocity in the x-direction, u, is uniform. The temperature distribution at the walls,
T(y = 0) and T(y = h), and the inlet temperature T(x = 0) are specified.

(a) The temperature profile is to be determined numerically using a uniform grid with
spacing�x and�y. Show that using finite di�erences with second-order central di�erence
estimates for second derivatives and a first-order forward estimate for the first derivative
results in an update equation of the form,

T
j+1

i
= �T

j

i+1 + (1 � 2� � 2�)T j

i
+ �T

j

i�1 + �T
j+1

i
+ �T

j�1
i

(1)

where � and � are to be determined and (i, j) are integers that locate the grid point in the
y and x direction, respectively. [30%]

(b) With reference to the nature/classification of the governing PDE, and the required
boundary conditions, suggest why the problem is easier to solve numerically if thermal
conduction in the x-direction can be neglected. [20%]

(c) Neglecting conduction of heat in the x-direction:

(i) By considering a sawtooth perturbation of small amplitude ✏ (the perturbation
varies grid-point to grid-point from +✏ to �✏ ) determine the maximum step size for
�x for a stable, non-oscillatory, solution using Eq. 1. [25%]

(ii) The finite di�erence method is changed so that the approximation for the
second derivative at grid point (i, j) is evaluated at grid point (i, j + 1). Show that
the resulting update equation is stable for all possible values of �x and comment on
the merits of using this rather unusual future estimate of the second derivative. [25%]
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7 (a) The spatial derivative of temperature, @T/@x, is to be estimated with a finite
di�erence scheme.

(i) For the central di�erence scheme

@T

@x
=

Tj+1 � Tj�1
2�x

,

show that the leading order error term is O

⇣
�x

2
⌘
. [25%]

(ii) Using three equally-spaced grid points, find an expression for the highest order
forward di�erence estimate of @T/@x. [25%]

(b) An axial turbine has four stages with repeating mean-line velocity triangles. The
incoming swirl angle to the first stage is �30� in the absolute frame. The axial velocity
is constant at 200 ms�1, the flow coe�cient is 0.5 and the turning of the rotor row in the
relative frame is 110�. The combustion products have an isobaric specific heat capacity
cp = 1.15 kJ kg�1 and a ratio of specific heat capacities � = 1.333.

(i) Draw the velocity triangles and calculate the swirl angles in both absolute and
relative frames. Calculate the work output of the entire machine per kg of air flowing
through it. [35%]

(ii) If the stagnation temperature at inlet to the first row is 2000 K determine the
exit Mach number of the first stator row. Explain how the span of the turbine blades
must be varied through the machine to maintain the repeating stage condition. What
will be the e�ect of this span variation on the Mach number at the exit of the last
stator row? [15%]
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8 A single stage centrifugal compressor is used to draw air through a vacuum cleaner.
The meridional drawing is shown in Fig. 4 , indicating station numbers and dimensions.
Stations 1 and 2 are at inlet and exit of the rotor, stations 2 and 3 are at inlet and exit of a
vaneless di�user through which moment of momentum is conserved.

(a) The power consumed by the compressor is 2 kW, the mass flow rate is 0.03 kgs�1,
the rotational speed is 90, 000 RPM and the total-total pressure ratio is 1.7. The stagnation
temperature at the inlet is 288 K, the density at the outlet is 1 kg m�3 and there is zero
inlet swirl. Calculate the:

(i) total-total isentropic e�ciency [15%]

(ii) radial and tangential velocity components at machine exit [15%]

(iii) exit Mach number [15%]

(iv) total-static isentropic e�ciency [15%]

(b) Which type of e�ciency is the most appropriate metric of performance in this
application and why? [15%]

(c) The turbomachinery design team propose two possible improvements to the design
to increase performance. Either the speed of the rotor can be increased to 120,000 RPM,
or vanes could be used in the di�user to achieve an absolute exit yaw angle of 60�. By
assuming that the compressor operates at the same power and mass flow rate, determine
which of these two solutions is superior by comparing the exit velocities. Describe a
drawback to its implementation in this application. Assume that the density at the outlet
remains unchanged. [25%]
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Fig. 4

END OF PAPER
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