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6)  
𝝏𝒖

𝝏𝒕
− 𝟐

𝝏𝒖

𝝏𝒙
= 𝟎 

is to be solved over the domain 𝟎 < 𝒙 < 𝟏, with an initial condition of  

𝒖(𝒙, 𝟎) = ൜
𝟎. 𝟓, 𝟎 ≤ 𝒙 < 𝟎. 𝟓

𝟏, 𝟎. 𝟓 ≤ 𝒙 < 𝟏
 

𝒖(𝟏, 𝒕) = 𝟎. 𝟕𝟓 

 

 

a) State why the boundary condiƟon need only be specified at 𝐱 =  𝟏 

The convecƟon diffusion equaƟon above has a negaƟve velocity. All the characterisƟcs are moving from 
right to leŌ, i.e. from the x=1 boundary into the domain. Hence only the x=1 boundary can affect the 
soluƟon 

b) The domain is discreƟsed and the soluƟon is approximated using finite differences. Derive the 
approximate difference equaƟon using a first order upwind esƟmate for the spaƟal derivaƟve, 
and a first order forward difference for the Ɵme derivaƟve, that advances the soluƟon forward 
by a Ɵme step of Δ𝑡. 

 

The trick here is to note that upwinding is now in the opposite direcƟon to the examples given in lectures, 
i.e. an upwind difference is now the forward difference.  

𝜕𝑢

𝜕𝑥
=

𝑢௜ାଵ
ே − 𝑢௜

ே

Δ𝑥
  

  
𝜕𝑢

𝜕𝑡
=

𝑢௜
ேାଵ − 𝑢௜

ே

Δ𝑡
  

 
So  

𝜕𝑢

𝜕𝑡
− 2

𝜕𝑢

𝜕𝑥
= 0 

becomes 

  

𝑢௜
ேାଵ − 𝑢௜

ே

Δ𝑡
= 2

(𝑢௜ାଵ
ே − 𝑢௜

ே)

Δ𝑥
 

 

𝑢௜
ேାଵ = 𝑢௜

ே + 2
(𝑢௜ାଵ

ே − 𝑢௜
ே)Δ𝑡

Δ𝑥
 

 

c) Show that for a specific value of Δ𝑡 the soluƟon can be both stable and have an accuracy greater 
than first order in both space and Ɵme 

Find the effecƟve pde being solved.  

𝑢௜
ேାଵ = 𝑢௜

ே + 2
(𝑢௜ାଵ

ே − 𝑢௜
ே)Δ𝑡

Δ𝑥
 



𝑢௜ାଵ
௡ = 𝑢௜

௡ +
𝜕𝑢

𝜕𝑥
ฬ

௫,௧
𝛥𝑥 +

1

2!

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

𝛥𝑥ଶ +
1

3!

𝜕ଷ𝑢

𝜕𝑥ଷቤ
௫,௧

𝛥𝑥ଷ + ⋯ 

And  

𝑢௜
௡ାଵ = 𝑢௜

௡ +
𝜕𝑢

𝜕𝑡
ฬ

௫,௧
𝛥𝑡 +

1

2!

𝜕ଶ𝑢

𝜕𝑡ଶ ቤ
௫, ௧

𝛥𝑡ଶ +
1

3!

𝜕ଷ𝑢

𝜕𝑡ଷ ቤ
௫,௧

𝛥𝑡ଷ + ⋯ 

Then  

𝑢௜
ேାଵ = 𝑢௜

ே + 2
(𝑢௜ାଵ

ே − 𝑢௜
ே)Δ𝑡

Δ𝑥
 

Becomes 

 

𝜕𝑢

𝜕𝑡
ฬ

௫,௧
𝛥𝑡 +

1

2!

𝜕ଶ𝑢

𝜕𝑡ଶ ቤ
௫, ௧

𝛥𝑡ଶ +
1

3!

𝜕ଷ𝑢

𝜕𝑡ଷ ቤ
௫,௧

𝛥𝑡ଷ = ൭
𝜕𝑢

𝜕𝑥
ฬ

௫,௧
𝛥𝑥 +

1

2!

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

𝛥𝑥ଶ +
1

3!

𝜕ଷ𝑢

𝜕𝑥ଷቤ
௫,௧

𝛥𝑥ଷ  ൱ 2
Δ𝑡

Δ𝑥
 

 

𝜕𝑢

𝜕𝑡
ฬ

௫,௧
+

1

2!

𝜕ଶ𝑢

𝜕𝑡ଶ ቤ
௫, ௧

𝛥𝑡 +
1

3!

𝜕ଷ𝑢

𝜕𝑡ଷ ቤ
௫,௧

𝛥𝑡ଶ = 2
𝜕𝑢

𝜕𝑥
ฬ

௫,௧
+

2

2!

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

𝛥𝑥 +
2

3!

𝜕ଷ𝑢

𝜕𝑥ଷቤ
௫,௧

𝛥𝑥ଶ  

𝜕𝑢

𝜕𝑡
ฬ

௫,௧
− 2

𝜕𝑢

𝜕𝑥
ฬ

௫,௧
=

2

2!

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

𝛥𝑥 −  
1

2!

𝜕ଶ𝑢

𝜕𝑡ଶ ቤ
௫, ௧

𝛥𝑡 +
2

3!

𝜕ଷ𝑢

𝜕𝑥ଷቤ
௫,௧

𝛥𝑥ଶ 
−

1

3!

𝜕ଷ𝑢

𝜕𝑡ଷ ቤ
௫,௧

𝛥𝑡ଶ  

i.e.  

Replace the Ɵme second derivaƟve in Ɵme with a space difference.  

𝜕𝑢

𝜕𝑡
ฬ

௫,௧
− 2

𝜕𝑢

𝜕𝑥
ฬ

௫,௧
= 𝑂(Δ𝑡, Δ𝑥) 

𝜕ଶ𝑢

𝜕𝑡ଶ ቤ
௫,௧

− 2
𝜕ଶ𝑢

𝜕𝑡𝜕𝑥
ቤ

௫,௧

= 𝑂(Δ𝑡, Δ𝑥) 

𝜕ଶ𝑢

𝜕𝑥𝜕𝑡
ቤ

௫,௧

− 2
𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫,௧

= 𝑂(Δ𝑡, Δ𝑥) 

𝜕ଶ𝑢

𝜕𝑡ଶ ቤ
௫,௧

− 4
𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫,௧

= 𝑂(Δ𝑡, Δ𝑥) 

 

𝜕𝑢

𝜕𝑡
ฬ

௫,௧
− 2

𝜕𝑢

𝜕𝑥
ฬ

௫,௧
=

2

2!

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

𝛥𝑥 −  
1

2!
4

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫,௧

𝛥𝑡 + 𝑂(Δ𝑡ଶ, Δ𝑡Δ𝑥) +
2

3!

𝜕ଷ𝑢

𝜕𝑥ଷቤ
௫,௧

𝛥𝑥ଶ 
−

1

3!

𝜕ଷ𝑢

𝜕𝑡ଷ ቤ
௫,௧

𝛥𝑡ଶ  

 

𝜕𝑢

𝜕𝑡
ฬ

௫,௧
− 2

𝜕𝑢

𝜕𝑥
ฬ

௫,௧
=

2

2!

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

𝛥𝑥 −  
1

2!
4

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫,௧

𝛥𝑡 + 𝑂(Δ𝑡ଶ, Δ𝑡Δ𝑥, 𝛥𝑥ଶ 
) 

𝜕𝑢

𝜕𝑡
ฬ

௫,௧
− 2

𝜕𝑢

𝜕𝑥
ฬ

௫,௧
= 𝛥𝑥

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

൬1 − 2
𝛥𝑡

𝛥𝑥
൰ + 𝑂(Δ𝑡ଶ, Δ𝑡Δ𝑥, 𝛥𝑥ଶ 

) 



Require  

1 − 2
𝛥𝑡

𝛥𝑥
> 0 

2
𝛥𝑡

𝛥𝑥
< 1 

d) If the domain is discreƟsed with 101 equally spaced nodes, calculate the required value of Δ𝑡 in 
this parƟcular case. 

This is the CFL condiƟon!  

101 equally spaced points means 100 intervals so Δ𝑥 = 0.01. Therefore when Δ𝑡 = 0.005 there is no 

addiƟonal viscosity and the soluƟon becomes second order accurate, i.e. 𝑂(Δ𝑡ଶ, Δ𝑡Δ𝑥, 𝛥𝑥ଶ 
) 

e) Sketch the evoluƟon of the soluƟon when  
i. The value of 𝚫𝒕 from part (c) is used.  

 

There is no arƟficial viscosity so profile is convected perfectly right to leŌ.  

ii. Half the value of 𝚫𝒕 from part (c) is used.  

 

The arƟficial viscosity term is now important and the profiles are smudged as they are convected.  

  



7(a) 

𝝏𝒖

𝝏𝒕
= 𝜶

𝝏𝟐𝒖

𝝏𝒙𝟐
 

The following numerical scheme is used to produce a numerical soluƟon, 

𝒖𝒊
𝑵ା𝟏 = 𝒖𝒊

𝑵 + ൫ 𝒖𝒊ି𝟐
𝑵 − 𝟐𝒖𝒊ି𝟏

𝑵 + 𝒖𝒊
𝑵൯

𝜶𝜹𝒕

𝜹𝒙𝟐
. 

IdenƟfy the leading error terms in both space and Ɵme and hence the order of accuracy of this scheme.  

𝑢௜ିଵ
௡ = 𝑢௜

௡ −
𝜕𝑢

𝜕𝑥
ฬ

௫,௧
𝛥𝑥 +

1

2!

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

𝛥𝑥ଶ −
1

3!

𝜕ଷ𝑢

𝜕𝑥ଷቤ
௫,௧

𝛥𝑥ଷ + ⋯ 

𝑢௜ିଶ
௡ = 𝑢௜

௡ −2
𝜕𝑢

𝜕𝑥
ฬ

௫,௧
𝛥𝑥 +

4

2!

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

𝛥𝑥ଶ −
8

3!

𝜕ଷ𝑢

𝜕𝑥ଷቤ
௫,௧

𝛥𝑥ଷ + ⋯ 

 

𝑢௜ିଶ
௡ = 𝑢௜

௡ −2
𝜕𝑢

𝜕𝑥
ฬ

௫,௧
𝛥𝑥 +

4

2!

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

𝛥𝑥ଶ −
8

3!

𝜕ଷ𝑢

𝜕𝑥ଷቤ
௫,௧

𝛥𝑥ଷ + ⋯ 

2𝑢௜ିଵ
௡ = 2𝑢௜

௡ −2
𝜕𝑢

𝜕𝑥
ฬ

௫,௧
𝛥𝑥 +

2

2!

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

𝛥𝑥ଶ −
2

3!

𝜕ଷ𝑢

𝜕𝑥ଷቤ
௫,௧

𝛥𝑥ଷ + ⋯ 

SubtracƟng  

𝑢௜ିଶ
ே − 2𝑢௜ିଵ

ே + 𝑢௜
ே =

2

2!

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

𝛥𝑥ଶ −
6

3!

𝜕ଷ𝑢

𝜕𝑥ଷቤ
௫,௧

𝛥𝑥ଷ  

  

𝑢௜ିଶ
ே − 2𝑢௜ିଵ

ே + 𝑢௜
ே

𝛥𝑥ଶ
=

𝜕ଶ𝑢

𝜕𝑥ଶቤ
௫, ௧

−
6

3!

𝜕ଷ𝑢

𝜕𝑥ଷቤ
௫,௧

𝛥𝑥   

 

Similarly  

𝑢௜
ேାଵ − 𝑢௜

ே

Δ𝑡
=  

𝜕𝑢

𝜕𝑡
ฬ

௫,௧
+

1

2!

𝜕ଶ𝑢

𝜕𝑡ଶ ቤ
௫, ௧

𝛥𝑡 + ⋯ 

The leading error terms are highlighted in red.  

Therefore the scheme is only first order accurate in space. It is also first order accurate in Ɵme.  

 

𝑢௜
ேାଵ = 𝑢௜

ே + ൫ 𝑢௜ିଶ
ே − 2𝑢௜ିଵ

ே + 𝑢௜
ே൯

𝛼𝛿𝑡

𝛿𝑥ଶ
 

 













3A3 Examiners’ Report 2024 

 

Question 1 

Attempted by 99% of candidates. Average 16.4/20. Convergent-divergent nozzle, answered by all 

but one candidate.  The standard of answers matched the question's popularity, demonstrating a 

sound grasp of con-di nozzle flows and the associated calculations.  Marks were lost through slips 

and omissions only. 

 

Question 2 

Attempted by 45% of candidates. Average 12.2/20. Travelling shock waves.  Space-time diagrams 

and changes of reference frame showed a good appreciation of the topic, and the characteristics of 

the initial wave were generally obtained successfully.  The main exception here was illegitimate use 

of the Riemann invariants for isentropic waves.  The calculation for the reflected wave required 

formulation and solution of a quadratic equation, and only a few candidates completed this part. 

 

Question 3 

Attempted by 93% of candidates. Average 15.1/20. Rayleigh flow, almost rivalling Qu 1 for 

popularity.  The majority of candidates exhibited a good understanding of the topic, with only a few 

failing to apply the condition of constant impulse.  Most also recognised the implication of choking, 

though fewer were able to explain specifically how it would apply in this context. 

 

Question 4 

Attempted by 53% of candidates. Average 15.5/20 with many perfect answers. Supersonic intakes. 

The most common mistake was in part (c) where the maximum theoretically achievable pressure 

recovery is 100% when the intake continuously turns the flow through an infinite number of 

isentropic compression waves. In part (d) many candidates missed the impact of the different 

intakes on the cowl drag, a larger quantity of turning requires larger intakes on the aircraft. 

 

Question 5 

Attempted by 81% of candidates. Average 14.5/20. A straightforward shock-expansion question, 

attempted by most candidates.  Almost all grasped what was required and produced answers worth 

the majority of the marks.  Some sketches of the flow field omitted the slip-line behind the plate, 

and some lift-coefficient calculations watered down the problem by employing the linearised 

method of characteristics.  As this approach had not been 'authorised' by the question, it was 

penalised. 

 



Question 6 

Attempted by 33% of candidates. Average 11.6. Advection equation. Unpopular and poorly 

answered. The root of most candidates’ issues was missing that the characteristic waves travel in the 

negative x direction in this question, thus the upwind estimate should use the i and i+1 indices. 

Many candidates struggled to find the equivalent PDE to show the order of accuracy although many 

could identify the correct CFL number to achieve greater than first order accuracy. Most candidates 

drew the final part incorrectly, if the correct CFL number is used then the solution is convected 

exactly in (e)(i), if a smaller value is used then diffusion errors smooth the solution in (e)(ii). 

 

Question 7 

Attempted by 74% of candidates. Average 14.2/20. Scheme accuracy and velocity triangles. The 

majority of candidates achieved perfect answers on the first part to find the leading error terms, the 

most common mistake here was to not carry enough Taylor series terms through to determine what 

the leading error terms actually are, only that they scale with O(Δx). In the second part many 

mistakes come in the drawing of the velocity triangles and calculation of angles. Few candidates 

could do the final part using the Gibbs equation to get the efficiency of this incompressible machine.  

 

Question 8 

Attempted by 36% of candidates. Average 14.0/20. Compressible compressor rotor row. A question 

well answered in many cases, most had no issue with the derivation of Euler’s work equation but 

many confused the direction of force on the flow, force on the blade, the direction of rotation of this 

compressor of the fact that it refers to a single blade only. The most common error in the calculation 

of the Mach numbers is to confuse static temperature with absolute stagnation temperature or 

relative stagnation temperature. 
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