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3C5 - Questions 3b and 4 - AC685
Question 3b (AC685)

Given the system:

G

D
B

y

x

F
M

b

q

A

mg

km
C

(i) Find an expression for the potential energy and determine the gener-
alised forces Qj associated with the generalised coordinates qj when:

(a): q1 = x, q2 = y;

V = mg

√
b2 − y2

2
(1)

Consider a virtual change δqj in the jth coordinate, consider the change
in geometry arising δqj, and calculate the work done by the applied forces:

δW = F (δx+ δy) (2)

Since
δW = Qxδx+Qyδy (3)

It follows that

Qx = F

Qy = F
(4)

(b) q1 = x, q2 = θ.

V = mgb/2(1− cos (θ)) (5)

δW = F (δx+ bcos (θ) δθ) (6)

Note: as in Lecture 12 the θ component can be computed starting from
the velocity, or by first using the x and y coordinates, and then transforming
into the correct coordinates. Since

δW = Qxδx+Qθδθ (7)
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It follows that

Qx = F

Qθ = Fbcos (θ)
(8)

(ii) How would the results in part (i) change if spring BC is replaced by
a rigid link?

The system becomes a one DoF with y = b sin θ
For q1 = x, q2 = y, we can consider only q = y. It follows that

Qy = F (9)

when
For q1 = x, q2 = θ, we can consider only q = θ

Qθ = Fbcos (θ) (10)
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Question 4 (AC685)
Given the system:
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Fig. 4

(a) (i) [20%]
Evaluate the Hamiltonian of the system in Fig. 2(a).

The Kinetic Energy is:

T =
1

2
mẋ1

2 +
1

2
Mẋ2

2 +
1

2
mẋ3

2 (11)

The Potential Energy is:

V =
1

2
k (x2 − x1)

2 +
1

2
k (x3 − x2)

2 (12)

H (p,q) =
∑
j

pj q̇j − T + V (13)

p1 =
∂T

∂ẋ1

= mẋ1 (14)

p2 =
∂T

∂ẋ2

= Mẋ2 (15)

p3 =
∂T

∂ẋ3

= mẋ3 (16)

H (p,q) = p1ẋ1 + p2ẋ2 + p3ẋ3 −
1

2
m

(p1
m

)2

− 1

2
M

( p2
M

)2

− 1

2
m

(p3
m

)2

+
1

2
k (x2 − x1)

2 +
1

2
k (x3 − x2)

2

(17)

This can be rewritten as:

H (p,q) = − 1

2m
(p1)

2 −− 1

2M
(p2)

2 − 1

2m
(p3)

2

+
1

2
k (x2 − x1)

2 +
1

2
k (x3 − x2)

2
(18)
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(a) (ii)[30%]
Use the Poisson brackets to assess if the total momentum is conserved.

ptot = p1 + p2 + p3 (19)

{ptot, H} =
∂ptot
∂x1

∂H

∂p1
− ∂ptot

∂p1

∂H

∂x1

+
∂ptot
∂x2

∂H

∂p2
− ∂ptot

∂p2

∂H

∂x2

+
∂ptot
∂x3

∂H

∂p3
− ∂ptot

∂p3

∂H

∂x3

(20)

since ∂ptot
∂xj

= 0,∀j and ∂ptot
∂pj

= 1,∀j

{ptot, H} = −k (x2 − x1) + k (x2 − x1)− k (x3 − x2) + k (x3 − x2) = 0
(21)

The total moment is conserved!

Justify the result obtained in point (ii): there are no external gen-
eralised force (i.e. under free motion, the generalised momentum is
conserved).

(b) (i)[30%]
Derive the 4 equations of motion for the new system in Fig. 2(b) by
using the Lagrange equation.

The additional potential kinetic energies are given by:

Vbob = mga (1− cos(θ)) (22)

Tbob =
1

2
mv2bob (23)

where

vbob =
(
−aθ̇sin (θ)

)2

+
(
ẋ2 + aθ̇cos (θ)

)2

= ẋ2
2 + a2θ̇2 + 2aẋ2θ̇cos (θ)

(24)

We will derive the 3 equations in xj and one in θ using the updated
kinetic and potential energy:

d

dt

(
∂T

∂ẋj

− ∂V

∂ẋj

)
− ∂T

∂xj

+
∂V

∂xj

= 0 (25)
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d

dt

(
∂T

∂θ̇
− ∂V

∂θ̇

)
− ∂T

∂θ
+

∂V

∂θ
= 0 (26)

Taking the derivatives (
∂T

∂ẋ1

)
= mẋ1 (27)

(
∂T

∂ẋ2

)
= Mẋ2 +mẋ2 +maθ̇cos (θ) (28)

(
∂T

∂ẋ3

)
= mẋ3 (29)

(
∂T

∂θ̇

)
= maẋ2cos (θ) +ma2θ̇ (30)

(
∂V

∂ẋj

)
=

(
∂V

∂θ̇

)
= 0 (31)

∂T

∂xj

= 0 (32)

∂V

∂x1

= −k(x2 − x1) (33)

∂V

∂x2

= +k(x2 − x1)− k(x3 − x2) (34)

∂V

∂x3

= k(x3 − x2) (35)

∂L

∂θ
= −maẋ2θ̇sin (θ)−mgasin (θ) (36)

Leading to:

mẍ1 + k(x1 − x2) = 0

(M +m)ẍ2 + k(x2 − x1)− k(x3 − x2) +ma
(
θ̈cos(θ)− θ̇2sin(θ)

)
= 0

mẍ3 + k(x3 − x2) = 0

ma2θ̈ +maẍ2cos(θ) +mgasin(θ) = 0

(37)
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(b) (ii) [20%]
Linearise the equation of motions considering small amplitude vibra-
tions. Write the resulting set of equations in matrix form.

Consider that sin(θ) ≃ θ, cos(θ) ≃ 1, and remove the nonlinear terms.sin(θ) ≃
θ

mẍ1 + k(x1 − x2) = 0

(M +m)ẍ2 + k(x2 − x1)− k(x3 − x2) +maθ̈ = 0

mẍ3 + k(x3 − x2) = 0

ma2θ̈ +maẍ2 +mgaθ = 0

(38)


m 0 0 0
0 M +m 0 ma
0 0 m 0
0 ma 0 ma2



ẍ1

ẍ2

ẍ3

θ̈

+


k −k 0 0
−k 2k −k 0
0 −k k 0
0 0 0 mga



x1

x2

x3

θ

 =


0
0
0
0


(39)
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