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3C5 - Questions 3b and 4 - AC685
Question 3b (AC685)
Given the system:

O O (@] (@]
E§ FITI I I T F I T F I T F I T FF T F I T T T T T FTT

(i) Find an expression for the potential energy and determine the gener-
alised forces (); associated with the generalised coordinates g; when:

(a): 1 =z, @2 = y;

NG

V= myg=——g—— (1)

Consider a virtual change dg; in the jth coordinate, consider the change
in geometry arising dg;, and calculate the work done by the applied forces:

W = F(0x + 0y) (2)
Since
SW = Qu6z + Q,0y (3)
It follows that
Qz =F
4
Qy=F @
(b) 1=, G2 = 6.
V =mgb/2(1 — cos (0)) (5)
W = F(éx + bcos (0) 60) (6)

Note: as in Lecture 12 the 8 component can be computed starting from
the velocity, or by first using the  and y coordinates, and then transforming
into the correct coordinates. Since

SW = Q.0z + Qpd0 (7)



It follows that

Qx:F

Q¢ = Fbcos (0) ®)

(ii) How would the results in part (i) change if spring BC is replaced by
a rigid link?

The system becomes a one DoF with y = bsin 6

For ¢ = x, g = y, we can consider only ¢ = y. It follows that

Qy =F (9)

when
For ¢ = x, ¢ = 6, we can consider only ¢ = 0

Qo = Fbcos () (10)



Question 4 (AC685)
Given the system:

k k k k
m N M RN m m VM) AWM
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7
(a) (b)
Fig. 4

(a) (1) [20%]
Evaluate the Hamiltonian of the system in Fig. 2(a).

The Kinetic Energy is:

1 . 1. 1 .
T = 5m9312 + 5]\/[:7522 + §mx32 (11)
The Potential Energy is:
1 1
V = 5]’6’(372 —ZL‘1)2+§]{3<1’3 —IL’2)2 (12)
H(p,q)=)» pigi—T+V (13)
J

oT
= — y 14
P o mx; (14)

oT
= — = Mai 15
b2 01, T2 (15)

oT
= — Y 16
b3 075 mxs (16)

. . ) 1 2 1 2 1 2
H (p,q) = pi1y + patis + psis — 5m (12) —M <p_2> 3" (12)

2 m M m
1 1
+§]€ ($2 — I1)2 + 5]5 (ZI}3 — LL’Q)Q
17)
This can be rewritten as:
1 2 1 2 1 2
H = —— _—— - —
(p.q) 5 (p1) Yi (p2) 5 (ps) 18)

1 1
"‘51{? (.172 — 131)2 + 51{? (Ig — .%'2)
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(a)

(i1)[30%]

Use the Poisson brackets to assess if the total momentum is conserved.

DPtot = P1 + P2 + D3 (19)

OPtot 8_[-[ OPtot G_H

oty HY = -
{ptt } Oz, Opy Opy O
Opsor OH ot OH
ptta__ 8pt ta_ (20)
O0xy Ops Ops Oxo
OPiot a_H B ODtot 3_H
Oxs3 Ops  Ops Oxs
since %”—;J‘? =0,V and %p—;jt =1,Vj

{ptot, H} = =k (x2 —x1) + k(29 — 1) — k(23 — 22) + k (23 — 22) =0
(21)

The total moment is conserved!

Justify the result obtained in point (ii): there are no external gen-
eralised force (i.e. under free motion, the generalised momentum is
conserved).

(1)[30%]
Derive the 4 equations of motion for the new system in Fig. 2(b) by
using the Lagrange equation.

The additional potential kinetic energies are given by:

Viob = mga (1 — cos(f)) (22)
L o
Tyop = 9" Wbob (23)

where

Upoh = (—aésin (0))2 + (rg + afcos (6))2

= 452 + a®0? + 2ax,0cos (0)

(24)

We will derive the 3 equations in z; and one in 6 using the updated
kinetic and potential energy:
d 8T_8V _8T+8V
dt 8x] 8x] aZL‘j 0xj

—0 (25)
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d(or vy _or v
dt \ 96 96 00 06

Taking the derivatives
orT :
— | =ma
9y !

T :
<0 ) = Miy + may + mabcos (6)

ity
ary
Oig ) B

(8T) — madsycos (A) + maf

90
(55,) = (3)
A A
0 00
oT
e, Y
oV
a—xl = —]{}(372 - xl)
oV
8_@ = —|—]€($2 - «TI) - k(x?’ - 1’2)
oV
8_I3 = k(l’g - l’2)
g—g = —maasBsin () — mgasin (0)

Leading to:

(27)

(28)

(29)

(30)



(b) (i) [20%]
Linearise the equation of motions considering small amplitude vibra-
tions. Write the resulting set of equations in matrix form.

Consider that sin(f) ~ 6, cos(f) ~ 1, and remove the nonlinear terms.sin(6) ~
0

mil + k?(l’l — IQ) =0
(M 4 m)iy + k(zy — 21) — k(25 — 23) + mah = 0

38
m..l"g + k(l’g — iL’Q) =0 ( )
ma?6 + mais + mga = 0

m 0 0 0 21 k' —k 0 0 1 0
0 M+m 0 ma To n -k 2k -k O 2| |0
0 0 m 0 T3 0 —k k 0 zz| |0
0 ma 0 ma® 0 0O 0 0 mgal| |6 0
(39)
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