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1 A rigid framework of mass 4m comprises four thin bars each of mass m as shown in
Fig. 1. Bars AB and CD are of length 2a and bars DE and BF are of length V2a. Using
the (x, y, z) reference frame shown the coordinates of A, B, C, D, E and F are respectively
(=a,0,0),(a,0,0),(0,0,-a),(0,0,a),(0, \2a, a) and (a, V2a, 0). The centre of mass G

of the framework (not shown) is at ({, %, -

(a) Find the moments of inertia Iyx, Iyy and I7; of the framework at O and show that
Iyy = 8ma?. [30%]

(b)  Show that OG is a principal axis of the framework and find the principal moment of
inertia about the axis OG. [40%]

It is given that principal moments of inertia of the framework at G are %maz, %ma2 and

8 2
3ma.

(¢)  Use the parallel axes theorem (or otherwise) to find the principal moments of inertia
for the framework at O. Hence verify that the framework is not an "AAC" body at O. [30%]
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2 A thin circular wheel of radius a, mass m and moments of inertia A, A, C with

C = ma?

is rolling without slip on a horizontal floor as shown in Fig 2. A reference
frame i, j, k (moving with but not fixed in the wheel) is shown in Fig. 2(b). The angular
velocity of the reference frame Q = w;i+ w;j + 3k and the angular velocity of the wheel
w = w1l + wyj + wik. The angle from the vertical to the spin axis k is # . The centre
of the wheel G moves with velocity v{i + v,j + v3k as shown in Fig 2(c). The point of

contact between wheel and floor is P.

(a) In steady straight-line rolling, as shown in Fig. 2(a), the forward speed of the wheel
is V with § = 7. Verify that@ = 0,v; =v3 =0,v, =V, w| = wy =0, w3 = =V/a and
Q3 =0.

(b) Stability of steady rolling is examined by introducing a small perturbation « so that
0 = % — . Small-angle approximations can be used and assume fast spin, w3 >> 3.

(1) Use the condition of no-slip at P to show that vi = 0, vo = —aw3 and

V3 = awy, and Fp & —awsj.

(ii) Show that the linear momentum of the wheel p = ma(—w3j + wok), the
moment of momentum about P is hp = %ma2 (wii+ 3wyj + 4w3K) and that the
moment of external forces about P is Qp = —mgaaj.

(iii)) Use the datasheet expression for moment of momentum about a general point
P to show that w| = —2w, w3 and find a second-order differential equation governing
small-amplitude wobbling of the wheel.

a
minimum rolling speed V required for steady rolling in a straight line.

(iv) The angular velocity wy is governed by @&, + % [4w§ - & ] wy = 0. Find the

G\ ( intopage) Wy
p mo l "
7 P
\ i
(a) (b) (c)

Fig. 2

Page 3 of 7 (TURN OVER



Version AC/5

3 (a) A simplified gyrocompass is shown in Fig. 3(a). The gimbal is free to turn
through angle 6 about its vertical axis j. The rotor has principal moments of inertia A, A, C
atits centre and it spins ‘fast’ at constant rate w about its axis K. The Earth spins at constant
rate Q and the instrument is situated at latitude A as shown in Fig. 3(b). The components
of the Earth’s spin in the gimbal-mounted axis system i, j, k are —€2 cos A sin 4, Q sin A and
Q cos A cos 6 respectively.

(1)  Usethe Gyroscope Equations to obtain an equation of motion for the gyroscope
(neglect friction and gimbal inertia).

(ii)) Show that there is only one stable steady-state solution and it occurs when the
gyrocompass aligns itself with true north.

(iii) What is the magnitude of the non-zero couple component in this steady-state?

7

= gimbal
AN e

(@)
B

1‘/: o~| R

\D\\>\ \
S
(2) (b)

Fig. 3

Page 4 of 7 (cont.



Version AC/5

(b) A simplified model of a jet engine is shown in Fig. 4. Three rigid discs with moments
of inertia J1, J> and J3 are mounted on two light elastic shafts each of torsional stiffness
k. The angles of rotations of the discs from their equilibrium positions are 6, 6, and 63

as shown.

(i) Evaluate the mass matrix for the system by using the concise form of the
kinetic energy. [10%]
(i1)) Evaluate the Hamiltonian of the system. [15%]

(iii) Use Poisson brackets to determine whether the total angular momentum of the
system is conserved. Justify your answer on physical grounds. [25%]

Fig. 4
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4

A uniform rigid bar AB of mass m and length 2a is connected to a frictionless slider

at A, whose position is described by the coordinate z, as shown in Fig. 5. The angle of the

bar from the vertical is 6. A vertical force varying with time #, F = mg(1 + b cos(wt)), is

applied at A.
(a) Find the generalised forces Q; and Qg. [10%]
(b) Find the expression of the potential energy generated by the generalised forces VQj

aV,

by using WQ_j = —Q, where g is the j-th generalised coordinate. [10%]
j

(c) Evaluate the Lagrangian of the system, including VQJ" so that L (z, 0,z,0, t). [10%]

(d) For small theta:

©)

(1)  Find the generalised momenta p; and py; [10%]

(i) Find the Hamiltonian H (p., pg,z,0,t) of this system including the VQj
obtained in part (b). [30%]

Without further calculations:

(i) comment on the suitability of the expression H = T + V for this system given
the results obtained in part (d), and discuss if this expression can be used to provide
a statement about the total energy of the system; [10%]

(i) explain how the Poisson bracket can be used to investigate whether the energy
of the system is conserved. Justify your answer on physical grounds. [20%]

Fig. 5
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END OF PAPER
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Part IIA Data Sheet

Module 3C5 Dynamics
Module 3C6 Vibration

1 Dynamics in three dimensions

1.1 Axes fixed in direction

(a) Linear momentum for a general collection of particles m;:

ap _

— F©
dt

where p = Mwvg, M is the total mass, vg is the velocity of the centre of mass and F© the
total external force applied to the system.
(b) Moment of momentum about a general point P
QY = (r¢ —rp) x p+ he
=hp +7p X p

where Q® is the total moment of external forces about P. Here hp and hg are the moments
of momentum about P and G respectively, so that for example

hp = Z(T‘Z — ’l"P> X mm

=heg+ (rg—rp) Xp

where the summation is over all the mass particles making up the system.

(c) For a rigid body rotating with angular velocity w about a fixed point P at the origin of
coordinates

hp:/rx(wxr)dm:Iw

where the integral is taken over the volume of the body, and where

A —-F —-F W T
I=|-F B -D|, w= |wy|, r= |y
-FE —-D (C W, z

and A= [(y*+2%)dm  B= [(z"+a)dm  C= [(2®+y*)dm
D= [yzdm E = [zz dm F=[zydm

where all integrals are taken over the volume of the body.
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1.2 Axes rotating with angular velocity {2

Time derivatives of vectors must be replaced by the “rotating frame” form, so that for example
p+2xp=F©

where the time derivative is evaluated in the moving reference frame.

When the rate of change of the position vector r is needed, as in 1.1(b) above, it is usually easiest
to calculate velocity components directly in the required directions of the axes. Application of
the general formula needs an extra term unless the origin of the frame is fixed.

1.3 Euler’s dynamic equations (governing the angular motion of a
rigid body)

(a) Body-fixed reference frame:

A(,Zjl — (B — C)OJQUJQ, = Ql

By — (C = A)wswr = Qs

ng - (A — B)wlwg = Q?,
where A, B and C' are the principal moments of inertia about P which is either at a fixed point
or at the centre of mass. The angular velocity of the body is w = [wy,ws,ws| and the moment

about P of external forces is Q = [Q1, Q2, Q3] using axes aligned with the principal axes of
inertia of the body at P.

(b) Non-body-fixed reference frame for axisymmetric bodies (the“Gyroscope equations”):

A — (Ay — Cu) 2y = Q

Ay + (A3 — Cuws) 2 = Qy

Cuwz = Q3
where A, A and C' are the principal moments of inertia about P which is either at a fixed point
or at the centre of mass. The angular velocity of the body is w = |[w;, ws, w3] and the moment
about P of external forces is Q = [Q1, @2, Q3] using axes such that ws and @3 are aligned

with the symmetry axis of the body. The reference frame (not fixed in the body) rotates with
angular velocity §2 = [(21, (29, £23] with 4 = w; and 25 = ws.

1.4 Lagrange’s equations

For a holonomic system with generalised coordinates g;

d [8T} or ov 0,

dtlogl  0q  0Og
where T is the total kinetic energy, V is the total potential energy and @; are the non-
conservative generalised forces.
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1.5 Hamilton’s equations

(a) Basic formulation

The generalised momenta p; and the Hamiltonian H (p, q) are defined as

_ar
04

Di

H(p,q) =) piGi—T+V

where it should be noted that in the expression for the Hamiltonian the velocities ¢;(p, ) must
be expressed as a function of the generalised momenta and the generalised displacements.

Hamilton’s equations are

B oH
B (9])1-’

Gi

o
pi = 9

+ Qi

)

Special case when the kinetic energy is expressible using a mass matrix M:

1

1
T=34"M¢=p"M'p and H=T+V

2

(b) Extension topics

The total time derivative of some function f(p,q,t) can be expressed in terms of the Poisson

bracket {f, H} in the form

af _of
E_E—i_{f?[—[}:

{f,H}EZPfaH

of OH

0q; Op; B Op; Og; .

Common forms of Canonical Transform for Hamilton’s equations are:

Type | Generating function 1st eqn 2nd eqn Kamiltonian
1 G1(q,Q,1) —%—C;l P——%—CS K—H—i—%
2 Go(q, P,t) :6;—6;12 Q:% K:H—F%
3 Gs(p,Q,1) q:—%—ig P:—aa—f; K:H+%
4 Gy(p, P,t) q:—%—i4 Q:% K:H—i-%
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2 Vibration modes and response

Discrete Systems

1. Equation of motion

The forced vibration of an N-degree-of-freedom
system with mass matrix M and stiffness ma-
trix K (both symmetric and positive definite)
is governed by:

My + Ky =f

where y is the vector of generalised displace-
ments and f is the vector of generalised forces.

2. Kinetic Energy

1
T= §S’TMS’

3. Potential Energy

1
V =5y Ky

4. Natural frequencies and mode shapes
The natural frequencies w, and corresponding
mode shape vectors u™ satisfy

Ku™ = w>Mu™

5. Orthogonality and normalisation

DT g® — ] 0 TFk
u’’ Mu {1]’2]{:
u?’" Ku® = { 02 J 7R

wj j=k

6. General response
The general response of the system can be writ-
ten as a sum of modal responses:

y(t) = >t = Uq(t)

where U is a matrix whose N columns are
the normalised eigenvectors u") and g; can be
thought of as the ‘quantity’ of the jth mode.

Continuous Systems

The forced vibration of a continuous system
is determined by solving a partial differential
equation: see Section 3 for examples.

1
Tzé/gfdm

where the integral is with respect to mass (sim-
ilar to moments and products of inertia).

See Section 3 for examples.

The natural frequencies w, and mode shapes
up,(z) are found by solving the appropriate dif-
ferential equation (see Section 3) and bound-
ary conditions, assuming harmonic time depen-
dence.

0 j#k
1 j=

/ () () — {

The general response of the system can be writ-
ten as a sum of modal responses:

ylz,t) = Z q;(t)u;()

where y(z,t) is the displacement and ¢; can be
thought of as the ‘quantity’ of the jth mode.
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7. Modal coordinates
Modal coordinates q satisfy:

+ |diag(w})] a = Q

where y = Uq and the modal force vector

Q = U”ft.

8. Frequency response function

For input generalised force f; at frequency w
and measured generalised displacement gy, the
transfer function is

s Cn g
H( kw)="F=) ———
f] ;w% - w?

(with no damping), or

uuk

sz + 2iww, (, — w?

H(j, k,w) =

(with small damping), where the damping fac-
tor (, is as in the Mechanics Data Book for
one-degree-of-freedom systems.

9. Pattern of antiresonances

For a system with well-separated resonances
(low modal overlap), if the factor u§n)u,(€n) has
the same sign for two adjacent resonances then
the transfer function will have an antiresonance
between the two peaks. If it has opposite sign,
there will be no antiresonance.

10. Impulse responses
For a unit impulsive generalised force f; = 6(¢),
the measured response y; is given by

a u(-n)u;n)
g(j7kat) :yk(t)zz Jw Slnwnt
n=1 "

for ¢ > 0 (with no damping), or

N ), )

Uy U
‘,k',t %Zu -
9(j,k,t) o

n=1

for t > 0 (with small damping).

Each modal amplitude ¢;(t) satisfies:
G +wig; = Q;
where Q; = [ f(z,t)u;(x)dm and f(x,t) is the

external applied force distribution.

For force F' at frequency w applied at point z1,
and displacement y measured at point x,, the
transfer function is

y U (1) Un (T2)

e~ L Yt
(with no damping), or

U (1)U (22)

Yy
H =5~
(21, T2, w) F Zwﬁ + 2iwwn Gy — w?

n

(with small damping), where the damping fac-
tor (, is as in the Mechanics Data Book for
one-degree-of-freedom systems.

For a system with well-separated resonances
(low modal overlap), if the factor w, (z1)u,(z2)
has the same sign for two adjacent resonances
then the transfer function will have an antireso-
nance between the two peaks. If it has opposite
sign, there will be no anti-resonance.

For a unit impulse applied at t = 0 at point z,
the response at point x5 is

g(xy, 29,t) = Z—un(zzl)un(a:g) sin w,t

w’l’b
n

for ¢ > 0 (with no damping), or

9(:171 , L2, t) ~ Z—Un(l'1)un($2) e_“’”C"t

Wn

sin wy,t

n

for ¢ > 0 (with small damping).
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11. Step response
For a unit step generalised force f; applied at For a unit step force applied at ¢ = 0 at point

t = 0, the measured response y; is given by x1, the response at point s is
N
(n), (n) Un (1) tn (22)
. u; U h(xy,z9,t) = —_— = [1—cosw t}
_ _ J k 1,42, n
h(j, k,t) = ye(t) = Z 2 [1—coswnt} zn: w2
n=1
for t > 0 (with no damping), or for ¢ > 0 (with no damping), or
N
(n), (n) Un (1) un (22) —wnint
. N Uy Uy, —wonCnt h(xq,z0,t) = [1—6 ol cos wyt
h(j, k,t) =~ Z 2 [1—6 coswnt] zn: w2
n=1
for ¢ > 0 (with small damping). for ¢ > 0 (with small damping).

2.1 Rayleigh’s principle for small vibrations

The “Rayleigh quotient” for a discrete system is

Vo vy Ky
T y'My

where y is the vector of generalised coordinates (and y” is its transpose), M is the mass matrix
and K is the stiffness matrix. The equivalent quantity for a continuous system is defined using
the energy expressions in Section 3.

If this quantity is evaluated with any vector y, the result will be
(1) > the smallest squared natural frequency;

(2) < the largest squared natural frequency;

(3) a good approximation to w? if y is an approximation to u®.

Vv
Formally = is stationary near each mode.

3C5 / 3C6 data sheet 2023 Page 6



3 Governing equations for continuous systems

3.1 Transverse vibration of a stretched string

Tension P, mass per unit length m, transverse displacement y(x,t), applied lateral force f(z,1)
per unit length.

Equation of motion Potential energy Kinetic energy
D%y 0%y oy 1 Oy 2
9Y_pLY _ tat V:—P ( )d T—- /(—)d
map ~ g = @) / o) 2" \or)

3.2 Torsional vibration of a circular shaft

Shear modulus G, density p, external radius a, internal radius b if shaft is hollow, angular
displacement 0(x,t), applied torque 7(x,t) per unit length. The polar moment of area is given
by J = (m/2)(a* — b*).

Equation of motion Potential energy Kinetic energy
020 020 1 00 1 00
Pl = Gl = (a,t) V—§GJ/<8$> dz T——pJ/<8t> dr

3.3 Axial vibration of a rod or column

Young’s modulus F, density p, cross-sectional area A, axial displacement y(x,t), applied axial
force f(x,t) per unit length.

Equation of motion Potential energy Kinetic energy
0%y 0%y B B dy B oy
A@—EAa——f(x,t) V__EA/<8:E> dx T__pA/<@t> dx

3.4 Bending vibration of an Euler beam

Young’s modulus F, density p, cross-sectional area A, second moment of area of cross-section
I, transverse displacement y(z,t), applied transverse force f(x,t) per unit length.

Equation of motion Potential energy Kinetic energy

0%y My %y Jy
A EISY — ot V:—EI ( )d T:—A/< )d
pAG + Bl = (@) /W v S AT

Note that values of I can be found in the Mechanics Data Book.

The first non-zero solutions for the following equations have been obtained numerically and are
provided as follows:

cosacosha+1=0, a; =1.8751
cosacosha—1=0, «a; =4.7300
tana — tanha =0, a7 = 3.9266
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