Question 1

1 A shaft of length L, cross-sectional area A and polar moment of area J is made of
a material with density p and shear modulus G, as illustrated in Fig. 1. One end of the
shaft is prevented from rotating (at x = 0) and the other end is free (at x = L). The shaft

can undergo small amplitude torsional oscillations.

(a)  Write down the appropriate boundary conditions at each end and find expressions
for the mode shapes u,(x) and natural frequencies .
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Question 1 (continued)

(b) A torque 7 is applied at the free end, x = L.

(1)  Derive an expression for the transfer function H\(L, x, @) from 7 to the
output angular displacement & at an arbitrary position x. Your answer should be
expressed as a summation and should be in terms of the properties of the shaft. [20%)]
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Question 1 (continued)

(ii) By appropriately differentiating your answer to (b)(i) or otherwise, derive an
expression for the transfer function H2(/, 0, @) from 7 to the reaction torque at
the boundary x = ). [20%]
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(ii1) Find the transfer function Hi(Z, 0, @) from input angular displacement at
x = [ to reaction torque at x = 0 in terms of Hi(L, L, @) and H(L, 0, @), noting
that H1 is evaluated at the output position x = [. [10%]
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Question 1 (continued)

(iv) Sketch the transfer functions Hi(L, L, w) and Hs(L, 0, @], labelling both

resonant and anti-resonant frequencies,
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Question 1 (continued)
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Question 2

2 A beam of length [ and uniform cross-section with second moment of area /, is
made of material with density o and Young's modulus £. The beam 1s clamped at both
ends and undergoes small-amplitude transverse vibration.

(a) Starting from the governing equation for transverse vibration of a beam, derive an
expression whose solutions give the wavenumbers & for the modes of the beam. [20%)]
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Question 2 (continued)
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(b) Using a graphical construction, estimate the first six natural frequency ratios of the
beam, i.e. estimate @, /e, for 1 Sn<6. [20%)]

A

g sl
e kL
>
le L

) S:D‘M-L&Q @ MIUZ(C
W 4{,09,@( S-DLW\-M.

apr Ll = (D G
nang)/k>

3C6 2019 Page 6



Question 2 (continued)
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(¢) A measurement is carried out to find the driving point transfer function at the
centre of the beam G.. An instrumented hammer is used to strike the beam at the centre,
and the response is measured using an accelerometer mounted at the centre. The
accelerometer has a small but non-zero mass m, resulting in a measured transfer function
Gum.

(1)  Sketch the driving point transfer functions G and G, 1.¢. both with and

without including the effect of the added mass of the accelerometer. Include in
vour sketch frequencies up to and including @), . [20%]
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Question 2 (continued)

(ii) By considering the coupled driving point transfer function at the
accelerometer, derive an expression to calculate the actual transfer function G.

(without the mass) from the measured transfer function (7, (with the mass). [30%)]
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(i) Under what conditions will the mass-compensated estimate be best and
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