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Question 1

1 A cantilever beam of length L, uniform cross-section of area A and second moment
of area [ is made of a material with density p and Young’s modulus E.

(a) The beam is clamped at x = 0 and free at x = L, and undergoes small-amplitude
bending vibration with transverse displacement y(x, 7).

(i)  Starting from the governing equation for transverse vibration of a beam, derive
an expression for the nth mode shape 1, (x) in terms of the wavenumber k; and the
properties of the beam. [20%]
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(ii)  Find the natural frequencies wy of the beam for the first four modes, using a

suitable approximation where needed. Express your answer as factors «; of the first

natural frequency wy, i.e. in the form w;, = a,w. [10%]
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(b) A single degree-of-freedom mass-on-spring is now connected to the beam at x = L,
with mass m and stiffness k, as shown in Fig. 1. The beam-spring connection is a
frictionless pin, and the mass displacement is indicated by z(#). The natural frequency of
the uncoupled mass-on-spring is defined as Q = \/m
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(i)  For the case k — 0, what are the first four natural frequencies of the coupled
system? [10%]
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(ii) For the case k — oo, qualitatively describe what you expect for the first four
natural frequencies of the coupled system. [10%]
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(iii) Derive an expression whose solutions give the natural frequencies of the
coupled system. Write your answer in terms of the driving point transfer function
H(L, L,w) of the uncoupled beam and any other system parameters that are needed.

[30%]
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(iv) For the case when Q = w; (i.e. when the natural frequency of the mass-on-
spring is tuned to be close to the second natural frequency of the uncoupled beam),
use a graphical construction to show the effect of the mass-on-spring on the natural

frequencies of the coupled system w,. [20%%0]
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Question 2

2 A straight pipe is to be inspected for a possible crack. It is proposed that an axial
vibration test be carried out to look for changes in the natural frequencies. The pipe has
length L and cross-sectional area A. It is made from a material of density p and Young’s
modulus E. The pipe can undergo small amplitude axial oscillations v(x,#) where x is the
distance from one end of the pipe and 7 is time. The ends of the pipe are free.

(a) For an undamaged pipe:

(i)  find expressions for the mode shapes and natural frequencies of the pipe. [10%]
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(ii)  find a summation expression for the driving point transfer function G(x, x, w)
from input force to output axial displacement at a distance x from one end of the
pipe, allowing for light damping. [20%]
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(b) A small crack at a distance x = a from one end of the pipe can be modelled as a
local reduction in axial stiffness. The potential energy of the cracked pipe can be written:

V=V,-AV

where V} is the potential energy of an undamaged pipe and AV is the reduction in potential
energy caused by the crack which can be written:
2
.\"2(1)
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C is a constant that corresponds to the reduction in stiffness and the term in brackets
indicates the first derivative of displacement evaluated at x = a. All other properties of
the pipe can be assumed to be unchanged from part (a).

(i)  Use Rayleigh’s principle to find an approximate expression for the new natural

frequency wj, of the nth mode of the pipe for a given stiffness reduction C. [30%]
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(ii)  Sketch the driving point transfer function G(L, L, w) for the undamaged pipe
of part (a) and when there is a small crack at a distance x = L/4 from one end.
Highlight which modes are most and least affected by the presence of the crack.  [30%]
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(iii) Briefly describe how the crack could be detected using a wave-based approach.
[10%]
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