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Q4

(a) 

(b) the Upper Bound Theorem is useful in modelling metal forming processes because it
provides a way to estimate the upper limit of the force or energy required for
deformation. By assuming a kinematically admissible velocity field that satisfies
boundary conditions and material flow constraints, the theorem ensures that the
calculated forces or energy are always higher than the actual values, providing a
conservative and safe estimate for process design. The theorem helps to model
complex forming processes like forging, extrusion, and rolling, without solving the full
field equations and can be used to optimise forming parameters, such as die design.

(c) (i)

NP̅̅ ̅̅ = 𝑙 sin 30° 

MP̅̅ ̅̅ = 𝑙 cos 30° 

MQ̅̅̅̅̅ =
MP̅̅ ̅̅

cos 15°
=

𝑙 cos 30°

cos 15°

PQ̅̅ ̅̅ = MQ̅̅̅̅̅ sin 15° = 𝑙 cos 30° tan 15° 

NQ̅̅ ̅̅ = NP̅̅ ̅̅ + PQ̅̅ ̅̅ = 𝑙 [sin 30° + cos 30° tan 15°] = 0.732𝑙 

MQ̅̅̅̅̅ =
𝑙 cos 30 °

cos 15°
= 0.897𝑙 
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(ii) 

 

Absolute velocity of work-piece A is horizontal, 𝑣𝐴 = 𝑣. Absolute velocity of block C, 
𝑣𝐶, is parallel to MN, at 30°on the horizontal. Velocity of block C relative to block A is 
parallel to MQ, at an angle −15° on the horizontal. Hence find point 𝑐. 

 

Velocity of block B relative to block C is vertical. Velocity of block B relative to block A 
is at an angle of 15° on the horizontal. Hence find point 𝑏. 

 

𝑣𝐵 = 𝑣𝐶 =
𝑣𝐵𝐶

2

1

sin 30°
 

𝑣𝐴𝐵 = 𝑣𝐴𝐶 =
𝑣𝐵𝐶

2

1

sin 15°
 

𝑣 =  𝑣𝐴𝐵 cos 15° + 𝑣𝐵 cos 30° =
𝑣𝐵𝐶

2
[cot 15° + cot 30°] 

𝑣𝐵𝐶 =
2𝑣

cot 30° + cot 15°
= 0.366𝑣 

𝑣𝐵 = 𝑣𝐶 =
𝑣

[cot 15° + cot 30°]

1

sin 30°
= 0.366𝑣 

𝑣𝐴𝐵 =
𝑣

[cot 15° + cot 30°]

1

sin 15°
= 0.707𝑣 

  

o,d
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a

b
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c

a
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(iii) 

𝑊̇𝑒𝑥𝑡 = 𝐹𝑣 

𝑊̇𝑖𝑛𝑡 = 𝑘(2 × 𝑀𝑄̅̅ ̅̅ ̅ × 𝑣𝐴𝐶 + NQ̅̅ ̅̅ × 𝑣𝐵𝐶) = 1.536𝑘𝑙𝑣 

Note: no plastic work along MN, because the contact between the workpiece and the 
tool is assumed smooth. 

By setting: 

𝑊̇𝑒𝑥𝑡 = 𝑊̇𝑖𝑛𝑡 

𝐹 = 1.536𝑘𝑙 

(iv)  

 

Because the contact between tool D and block C is smooth, the force, 𝑅, between 
them must be orthogonal to MN. Hence: 

 𝐹 𝑁⁄ = tan 30° = 0.577 

 

𝑁 =
𝐹

0.577
=

1.536

0.577
𝑘𝑙 = 2.660𝑘𝑙 

(v)  
𝑊̇𝑒𝑥𝑡 = 𝐹𝑣 

𝑊̇𝑖𝑛𝑡 = 𝑘(2 × 𝑀𝑄̅̅ ̅̅ ̅ × 𝑣𝐴𝐶 + NQ̅̅ ̅̅ × 𝑣𝐵𝐶 + 𝑓 × MN̅̅ ̅̅̅ × 𝑣𝐶) = 𝑘𝑙𝑣(1.536 + 0.366𝑓) 

𝐹 = 𝑘𝑙(1.536 + 0.366𝑓) 

 

This time the contact between is tool D and block C is frictional, so there is a tangential 
force at the interface, 𝑇 = 𝑓𝑘𝑙. Horizontal equilibrium requires that: 

𝐹 = 𝑇 cos 30° + 𝑅 sin 30° 
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While vertical equilibrium requires that: 

𝑁 = 𝑅 cos 30° − 𝑇 sin 30° 

Eliminating 𝑅, one obtains: 

𝑁 =
𝐹

tan 30°
− 𝑇 (

cos 30°

tan 30°
+ sin 30°) = 1.732𝐹 − 2𝑇 = 𝑘𝑙(2.660 − 1.366𝑓) 
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