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1 (a) A thin flywheel of uniform thickness, with an outer diameter D and no
central hole, is made of material with density p, Young’s modulus E and Poisson’s ratio
v. When the disk is spinning with rotational speed w, the elastic stress distribution is
given as a function of radius r by

2 2
— pw 2 _ 2 vpw 2 _ 2
Opy = 322 (3D* —12r%) + 322 (D?* — 4r*)
pw vpw
Ogp = 5(3D2 - 47"2) + 32 (Dz - 127"2)

Show that this distribution satisfies equilibrium, compatibility, and relevant boundary
conditions. [50%]

(b) A thin flywheel is made of steel with a uniaxial yield stress of 450 MPa,
E =210 GPa, v = 0.3 and p = 7840 kg m™. The flywheel has a diameter D = 0.4 m
and no central hole and is spinning within a case that has an inner diameter 0.401 m.
Calculate the rotational speed at which the flywheel will first fail, either by first yielding
(assuming a Tresca yield criterion), or by binding on its case. [50%]
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2 The Airy Stress Function ¢
¢ = Ay? + Bxy + Cy3 + Dxy3

has been suggested as a suitable way of finding the stresses in the cantilever shown in
Fig. 1, of length [, depth d and breadth b, subject to end loading with a tension T,
bending moment M and shear force S.

(a) Show that ¢ is a suitable stress function for an elastic problem, and calculate the
corresponding stresses. [20%]

(b) Find the constants A, B, C, D so that the stresses satisfy the boundary conditions of
the problem. [50%]

(c) For the case M =0, T = 0, use the solution for the stresses to calculate the
geometry of the cantilever for which yield will occur simultaneously at y = 0, x = [ and
y =d/2,x =1 using the Tresca yield criterion. Comment on the likely practical
accuracy of this result. [30%]
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3 Figure 2 shows the elliptical cross-section of a bar with maximum and minimum
cross-sectional dimensions 2a and 2b respectively, made of a material with shear
modulus G. The Prandtl stress function

2

2
ve y
¢=m@‘;‘ﬁ>

is to be used to explore the elastic torsional response of the bar, where m is a constant.

(a) Show that 1 is a suitable Prandtl stress function for this problem. [20%]

(b) For an applied torque T, find the resultant twist/unit length of the bar. What is the

value of the maximum shear stress within the bar in terms of the applied T? (Note that
the integral over the area of the ellipse, [[(1 — x?/a? — y?/b?) dA = mab/2.) [50%]

(c) For a > b, for a given twist/unit length, compare the torque and peak shear stress
carried by this section with the equivalent results for a rectangular section of dimension
2ax2b. [30%]

A
v

2a

Fig. 2
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4 An infinitely large thin sheet containing a circular hole of radius a is subjected to a
remote equi-biaxial stress ag,,- = T as shown in Fig. 3. The sheet is made from an elastic
perfectly-plastic material with a uniaxial tensile strength Y and yields according to the
Tresca yield criterion.

(a) Show that first yield occurs at T = Y /2 and that the minimum principal stress is
zero throughout the plate. [30%]

(b) The applied stress is then increased to T > Y /2 and a circular plastic zone of
radius ¢ extends concentrically from the edge of the hole. Determine an expression for
¢ in terms of the applied stress T [50%]

(c) Sketch the distribution of the stresses o, and ggg for r = a when a stress
T = 0.75Y is applied. [20%]

Fig. 3

END OF PAPER
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Engineering Tripos Part 1A THIRD YEAR
Module 3C7: Mechanics of Solids
ELASTICITY and PLASTICITY FORMULAE
1.  Axi-symmetric deformation : discs, tubes and spheres
Discs and tubes Spheres
d(roy 1 d(r2e;
Equilibrium ovo = (dr”) + parr2 = 5 ( i )
. B 3+ Ea' B
Lamé’s equations (in elasticity) oy = A — 2" " pa)2r2 - r—zaferr or = A - 3
C
B 143 Ea'
o= A+ 5 — g paPr2 + 3 [rTdr - EaT ovo = A + 53
C
2. Plane stress and plane strain
Plane strain elastic constants E =——— ; v=—"_: & 1+v)
1-v2 1-v
Cartesian coordinates Polar coordinates
. ou ou
Strains &x = P ar = or
_ _u  lov
& = oy @0 =7 *Yoae
_au oo lau v
By = oy T ox "= o Troo T
- 827/xy D2 &xx 82<9yy 0 070 0 099 O&ir &y
Compatibility xy T o tooe o o0 T %] "ot op

or (in elasticity)

. aO'X)( aO‘XX _
Equilibrium T &y - 0
60')91 N 60‘Xx = 0
oy OX

V4¢ = 0 (in elasticity)

02 02 (62 02
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el

Oxx — 8y2

24

O'yy = aXZ

_ 0%
OXy = T oxdy

Airy Stress Function
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1 02
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3. Torsion of prismatic bars

. 0
Prandtl stress function: oyx (= %) = —V/, oy (1) = - —

oy
Equilibrium: T =2[ydA
A

Governing equation for elastic torsion: V% =-2GS where g is the angle of twist per unit length.

4.  Total potential energy of a body

[=U-Ww

<

where = %j g'[Dlgdv , W=pPT and [D] is the elastic stiffness matrix.
v

5. Principal stresses and stress invariants

Values of the principal stresses, op, can be obtained from the equation

Oxx — OP Oxy Oxz
Oxy Oyy — Op Oyz =0
Oxz Oyz Ozz — OP

This is equivalent to a cubic equation whose roots are the values of the 3 principal stresses, i.e. the possible values of op.
Expanding: op® — 11 op? + lpop — I3 = 0 where Iy = oyx + oy + 0y,

Oxx Oxy Oxz

Oyy Oyz Oxx Oxz Oxx Oxy

I = and I3 = Oxy Oyy Oyz

Oyz Ozz Oxz Ozz Oxy Oyy

Oxz Oyz Ozz
6. Equivalent stress and strain

. — 1
Equivalent stress o = \/% {(01 - )2 + (op—03)? + (03— 01)? } 2

. L — 2
Equivalent strain increment de :\/% {de1? + dg? + d532}1/2

7. Yield criteria and flow rules

Tresca
Material yields when maximum value of |o1 — oy|, |op — o3| or lo3— 01| =Y = 2k and then,
if o3 is the intermediate stress, dep:de:des = A(1:-1:0)where 4 #0.
von Mises
Material yields when, (o1 — o2)2 + (02— 03)2 + (03— 01)2 = 2Y2 = 6k2, and then
de de des dep —de dep —de3 dez—dg

- = - = - = = = = A =
o1 0?2 o3 01— 02 02— 03 03— 01

N|w
Q&

SDG, October 2013



MODULE 3C7 (Mechanics of Solids): Numerical answers to Tripos examination 2014

(b) Yielding occurs first

(©) for yield to occur simultaneously [ = d /2 .

(b) Tmax = (ZT)/(T[abZ)
©) rectangle is 1.7 times stiffer

®) -=Y/2(Y -T)]
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