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Module 3C7
MECHANICS OF SOLIDS

Answer not more than three questions.
All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is
indicated in the right margin.

Write your candidate number not your name on the cover sheet.
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1 A uniform bar of elliptical cross section, with semi-major axis a and semi-minor
axis b, is made from a linear elastic solid of shear modulus G. A Cartesian co-ordinate
system (x,y) is introduced in the bar cross-section such that the surface of the bar satisfies
the relation:
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The Prandtl stress function
w(x,y) = A+ By +Cy?

is a candidate for determining the torsional response of the bar, where A, B and C are
constants.

(a) Show that v is a suitable stress function for this problem. [30%]

(b) Determine the torque 7 in terms of G, a, b and the twist per unit length, 8, and
thereby determine the shear stress distribution along the minor axis of the ellipse. [50%]

Note: You may make use of the below integral over the ellipse:
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(c) Make use of the above results to determine the torsional rigidity 7/ for the
elliptical bar when it contains a central elliptical hole of semi-major axis a/2 and semi-
minor axis b/2. [20%]
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2 (a) Show that
¢(r,0) =C|sin260 +C,6 +C5cos26 (1)

is a valid Airy stress function in polar coordinates (r, 6). [20%)]

(b) Figure 1 is a side view of a tapered bean, of unit width w into the plane of the paper,
that is loaded at each end by a moment M. It has been proposed that the stress function in
eq. (1) can be used to determine the stress field in the beam.

(1)  Write down the stress boundary conditions to be satisfied on the top and
bottom faces. [10%]

(ii)  Show that stress derived from ¢(r, 0) satisfies these boundary conditions and
hence determine the relation between C| and C;, and the value of C;3. [25%]

(c) For the applied moment M, determine the stresses in the beam as a function of r
and 6. [20%]

(d) Show that for a long thin beam (where o < 1), the stresses o, are those that would
be expected from simple beam theory. [25%]

Fig. 1
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3 (a) Discuss the conditions under which the in-plane stress state in a thin circular
disk made from an elastic solid has circular symmetry. [15%]

(b) Starting from the general expressions of equilibrium provided on the datasheet,
show that for a thin circular disk with circular symmetry, the equilibrium equation
expressed in polar coordinates (r, 0) is given by

dOyr
r — 699 _Grr,
or

where o, and Opg are the radial and hoop stresses, respectively. [15%]

(c) Starting from the general compatibility equations provided on the datasheet, show
that for the circular disk described in (b), the compatibility equations reduce to

8899
r = &vr—Egg,
or

where & and €gg are the radial and hoop strains, respectively. [25%]

(d) Consider a thin circular plate with a central hole of radius a. The plate is
made of material with Young’s modulus E, Poisson’s ratio v and coefficient of thermal
expansion . The plate is initially stress-free at a uniform temperature 7y). It is then heated
axisymmetrically to a temperature 7' (r). Derive the stress versus strain relationship for
the heated plate in polar coordinates.

[15%]
(e) With u denoting the radial displacement, the equilibrium equation for the hollow
circular plate described in (d) is expressed as:
d [1d(ur) a(T —Ty)
— |- =(1+v)a——=.
ar {r ar } (1+v) ar
Solve for the displacements in the heated plate. [30%]
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4 (a) A thin-walled tube is subjected to combined uniform axial tension and torsion.
The axial stress is 0 =Y /2 where Y is the tensile yield strength. The Tresca yield criterion
is assumed. Find the magnitude of the shear stress 7T on the cross section due to the applied
torque at which the tube begins to yield, and determine the corresponding principal strain
increments.

(b) A long cylindrical hole with internal radius a is bored vertically into the ground and
subjected to an internal pressure of p. The ground can be approximated as a homogeneous
elastic perfectly-plastic material of tensile yield strength ¥ and yields according to the
Tresca criterion. The deformation of the ground is to be assumed as plane strain in the
depth direction z.

(i) Determine the stresses Oy, Ogg and Oy, for an elastic response when first

yield occurs.

(ii)) When the internal pressure is increased, a circular plastic zone of radius
¢ extends concentrically from the edge of the hole. Determine the relationship
between the internal pressure p and the plastic zone radius c.

END OF PAPER
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Engineering Tripos Part IIA

THIRD YEAR

Module 3C7: Mechanics of Solids
ELASTICITY and PLASTICITY FORMULAE

1. Axi-symmetric deformation : discs, tubes and spheres

Equilibrium

Lamé’s equations (in elasticity)

2. Plane stress and plane strain

Plane strain elastic constants

Strains

Compatibility

or (in elasticity
with no thermal strains
or body forces)

Equilibrium

V4¢ = 0 (in elasticity)

Airy Stress Function

Discs and tubes Spheres
d(roy) 5 1 d(r2oy)
Ooo = —g, + PO %0 =2, dr
B 3+v Ea'’ B
orrzA—ﬁ—Tpaﬂﬂ—r—zferr Or=A-3
C
B 1+3v Ea” B
Goo= A+ 5 — g pwr? + 3 [rTdr — Eol Oop = A + 53
C
E=-Lt_  v="\ a=alitv)
1-v2 I-v

Cartesian coordinates

Jdu
E&x = 5
v
&y = ay
u v
Yy = dy * oox
2Ky 92exx 02eyy
axdy T 9y2 * a2

2 92
{a—xz + @} (Oxx + Oyy) =

=0
00xx aoxx
ox Yoy T 0
J0, [ile;
Yy Xy _
dy t+7x =0
2 2| Py
{8x2 + ayZ} {8)(2 + 6y2} =0
¢
Oxx = ayz
920
Oy = ox2
20
Oxy = ~ 0xdy

Polar coordinates

u
51'1':5

u 1 dv
€00 ;+;a_9

v Low v
"o = o +r807;

9”2 19 19
a2t rort2oe (O-”+O-ee): 0

i) 09

5(ro‘1-r)+ 90 —o0pgg =0
d09e d

0t - (rowe) + op = 0

2 10 19
artrort 2o
P9 199 18
X{8r2+rar+r2692 =0
lag 1%
O =Fror * 1202
_ 20
060 = 9,2

o = _ i{laﬁ}
0 or (r 00



3. Torsion of prismatic bars
Prandtl stress function:  o0zx (= 7x) = al, Oy (=7y) = - W
dy ox

Equilibrium: T =2[yad
A

Governing equation for elastic torsion: ~ Vy=—2Gf where J is the angle of twist per unit length.

4. Total potential energy of a body

nm=uv-w

1
where U =3 j gT [Dlegdv , W =P T u and [D] is the elastic stiffness matrix.
1%

~

5. Principal stresses and stress invariants

Values of the principal stresses, op, can be obtained from the equation

Oxx — Op Oxy Oxz
Oxy Oyy — Op Oyz =0
Oxz Oyz Ozz — OpP

This is equivalent to a cubic equation whose roots are the values of the 3 principal stresses, i.e. the possible values of op.

3

Expanding: op® - [ O'p2 + hop - I3 = 0 where I} = 0xx + Oyy + Oy,

Oxx Oxy Oxz

Oyy Oyz Oxx Oxz Oxx Oxy

L = and I3 = | Oxy Oyy Oyz

Oyz Ozz Oxz Ozz Oxy Oyy

Oxz Oyz Ozz

6. Equivalent stress and strain

. _ 1 12
Equivalent stress & = "\ |5 {(01 - )2 + (or—03)? + (03— 01)2}

Eaqui ini = (2 2 2 2 112
quivalent strain increment de = 3 {dsl + d&? + des }

7. Yield criteria and flow rules

Tresca

Material yields when maximum value of o] — 0al, lop — 03l or los— o1l = Y = 2k, and then,
if o3 is the intermediate stress, dej:dey:de3 = A(1:-1:0) where 4 #0.

von Mises

Material yields when, (0] — 62)2 + (02 — 03)2 + (03— 01)2 = 2Y2 = 6k2, and then

ﬁ dey des der —dey dey —des dez —dey

61 T o2 T 03 T oi-om  o-03 _ 03-0 = A=

N W
cl'l(%l
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