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EGT2
ENGINEERING TRIPOS  PART IIA

Tuesday 23 April 2024 2 to 3.40

Module 3CS8
MACHINE DESIGN

Answer not more than three questions.
All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is indicated
in the right margin.

Write your candidate number not your name on the cover sheet.

STATIONERY REQUIREMENTS
Single-sided script paper

SPECIAL REQUIREMENTS TO BE SUPPLIED FOR THIS EXAM
CUED approved calculator allowed

Attachment: Module 3C8 data sheet (9 pages).

Supplementary page: one extra copy of Fig. 2 (Question 3)

Engineering Data Book

10 minutes reading time is allowed for this paper at the start of
the exam.

You may not start to read the questions printed on the subsequent
pages of this question paper until instructed to do so.

You may not remove any stationery from the Examination Room.
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1 This question concerns the loading arrangement shown in Fig. 1. Three steel
hemispheres A, B and C are pressed into a lower steel plate by an upper loading beam.
The hemispheres A, B and C have radii r, 2r and r, respectively. The loading beam
is assumed to be rigid and inflexible and there is negligible deformation at the contact
between the hemispheres and the loading beam. The loading beam and steel plate are held
horizontal. The steel plate can be treated as an elastic half-space and the contacts between
the steel plate and the hemispheres can be treated as Hertzian. The hemispheres and the
steel plate all have Young’s modulus E, Poisson’s ratio v and shear yield stress 7y.

(a) Summarise briefly the idealisations that are made in Hertzian analysis. [10%]

(b) Considering just hemisphere A, write down an expression in terms of F4, r, E and v
for 6 4, the approach of the hemisphere’s centre towards the plate, when a load F4 acts
vertically on just hemisphere A. [15%]

(c) Determine an expression for the approach of the loading beam towards the steel
plate, o7, for a total load Fr. Assume that the contacts of the three hemispheres with the
steel plate act independently. [30%]

(d) Find an expression for the stiffness, k7, of the three contacts acting together, for a
load Fr applied to the beam. [15%]

(e) Find the load F7 that first causes yielding in any of the hemispheres for the following
parameters: r = 10 mm, E = 210 GPa, v = 0.3 and 7, = 500 MPa. [15%]

(f)  Outline the subsurface stresses for the situation described for part (e). Discuss the
validity of the assumption that the contacts of the three hemispheres act independently. [15%]

Load F;

Loading beam \ @

oAl vy

Fig. 1

Steel plate
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2 (a) Sketch the geometry of the contact between a rack and involute spur gear
pinion, identifying key features including the pressure line and the pitch point. Explain
why an involute tooth profile ensures that the contact between the rack and pinion teeth
always lies along the pressure line. [15%]

(b) Show that the ratio of the rack linear speed v to the angular speed w of the pinion
is constant with respect to the location of the tooth contact point along the pressure line.
Find an expression for the relative sliding velocity between the rack and pinion teeth at the
tooth contact in terms of w and the distance L of the tooth contact position from the pitch
point. [20%]

(c) Consider contact between a rack and a pinion with N = 23 teeth. Both the rack and
pinion have well-made teeth with an involute profile, with the addendum a equal to the
module m and with a pressure angle ¢ = 20°. The face width of the teeth w = m. Find
an appropriate module m so that surface failure of the teeth is avoided when transmitting
a force F of 5 kN to the rack in the direction of the rack motion, given a surface fatigue
strength oy = 800 MPa. The contact modulus of the contact E* = 115 GPa. [55%]

(d) If the rack force F is doubled, how would that change your answer for part (c)? [10%]
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3 Figure 2 shows the maximum torque 7 as a function of speed w of an electric motor.
The torque 7 is constant at 200 Nm between 0 and 200 rad s~! and decreases linearly with
w between 200 rad s~! and 800 rad s™!. The maximum speed of the motor is 800 rad s1.
The motor is used to drive a road vehicle through a gear box with a gear ratio G (motor
speed w divided by wheel speed €2).

The vehicle has a total mass m = 1000 kg, rolling resistance coefficient C, = 0.02, front
cross section area A = 1.6 m2, aerodynamic drag coefficient C; = 0.3, and wheel radius
R = 0.3 m. The force F resisting forward motion at constant speed V on level ground is:

F =mgCyr +0.50C4AV?

where g is the gravitational acceleration (take g = 10 m s72) and the air density
p=12kg m™3.

An additional copy of Fig. 2 is attached at the end of this paper. This should be detached
and handed in with your answers.

(a) For G = 4, sketch the load characteristics of the vehicle on the attached copy of
Fig. 2 and hence determine the maximum speed of the vehicle for this speed ratio. [20%]

(b) For G = 4, sketch a graph of maximum gradient that the vehicle can climb as a
function of vehicle speed V. Derive an equation relating the maximum gradient that the
vehicle can climb at a given speed to the maximum acceleration at the same speed on
level ground. Hence, using an approximate numerical method, or otherwise, estimate the
minimum time taken for the vehicle to accelerate from rest to 108 km h™!. [35%]

(c) Determine the maximum power Ppax that the electric motor can deliver. Use
this Pmax to verify that the vehicle’s maximum possible speed Vipax on level ground is
approximately 202 km h™!. Use Vinax = 202 km h™! to determine the gear ratio required.

[25%]

(d) When the vehicle is travelling on level ground, different gear ratios can put the
motor’s operating point at either of the points A or B on Fig. 2. Comment on the
behaviour of the vehicle at each of these operating points. [10%]

(e) The design of the electric motor described in Fig. 2 is changed such that the power
output between 200 rad s~ and 800 rad s~! is now constant, equal to the value at
200 rad s~!. How does this change affect the vehicle’s maximum possible speed and
acceleration on level ground for a gear ratio G = 4? [10%]
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4 (a) Compare the performance of hydrostatic bearings, hydrodynamic bearings
and rolling element bearings in terms of their speed capability, load capacity and shaft

locating accuracy. [10%]

(b) Compare the performance of the following two bearing arrangements: fixed-floating
and cross-section in terms of their potential to accommodate shaft thermal expansion and

eliminate bearing clearance. [10%]

(¢) Aroller bearing is required in a fixed-floating arrangement to only carry radial load.

(i) Explain whether the roller bearing should be deployed on the fixed or the
floating side. Comment on which two types of roller bearing, among cylindrical,
taper, spherical and needle are best suited to fulfil the task? [10%]

(11) The bearing has to have a life of 1000 hours at 4000 rpm with 1 % probability
of failure under a load of 2500 N. Determine the dynamic load rating required.
Assume that the bearing has the proper lubrication for the conditions. [10%]

(d) Figure 3 shows a compound epicyclic gearbox. The primary input is to the carrier
C; of the first epicyclic, with corresponding input torque 7; and input speed €2;. In addition
the annulus A of the first epicyclic is a secondary input driven at speed 0.2€2; in the same
sense as the primary input shaft with a torque 74;. The sun Sy of the first epicyclic is
connected to the carrier C; of the second epicyclic. The output is from the sun Sy of the
second epicyclic, with corresponding output torque 7, and output speed €2,. The annulus
A, of the second epicyclic is held fixed with a restraint torque Tg. Both epicyclics have a
ratio of annulus to sun tooth numbers A/S = 5.

(1)  What is the ratio Q,/Q; of the output speed to the input speed? [20%]

(i) What is the ratio T /T; of the restraint torque to the input torque, assuming no

losses in the system? [20%]

(iii) Find an expression for the ratio Tg /T; of the restraint torque to the input torque
for the case when the efficiency of each of the epicyclics is . Assume that the
primary and secondary input torques 7; and 741 are unchanged from the case, part
(d)(ii), with no losses. [20%]
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ENGINEERING TRIPOS Part I1A
Module 3C8 Data Sheet

ELASTIC CONTACT STRESS FORMULAE

Suffixes 1, 2 refer to the two bodies in contact.

1 1 —w.2 —ul
Effective curvature — =—+-— Contact modulus 1 = 1-v” 1-v;
R R * K E,
where Ry, R, are the radii of curvature where E;, E5 and vy, v, are
of the two bodies (convex positive). Young’s moduli and Poisson’s ratios
Line contact ‘ Circular contact
width2b ; load P’ per unit length diameter 2a;load P
Semi contact rp 1 1/2 1/3
width or bzz{PR} a={3PR
contact radius nE * 4E *
Maximum contact , 12 1/3
pressure Po = {P E *} _ _1_ 6PFE %2
(‘Hertz stress”) TR Po=r RZ

’ 2
6=2P I—Vl In 4R1 _l ) ) /3
Approach of T E; b 2 5= a” 1 {9 P }

centres R 2|2Eg#2R
2
1-v 4R 1
+ 2 ln( 2 ) -—
E, b 2
Mean contact _ PPz _ P 2
pressure p= b 4 Po p= ) =3 Po
Tmax = 0.300 pg Tmax = 0.310pg
at x=0,z=0.79b at r=0,z=048aforv=0.3

Maximum tensile

1
stress Zero 3 (1-2v)py at r=a,z=0

Mildly elliptical contacts

1 1
If the gap at zero load is A= -2—Ax2 +5By_2 and 0.2<A/B<S5 then
2/3

ratio of semi-axes b/a =(A/B)

To calculate the contact area or Hertz stress use the circular contact equations
with R=(AB)™"? or better R, =[AB(A +B)/2]""/3 .

For approach use circular contact equation with R= (AB)"”2

(not R.)



Hertzian contact frictional losses

0‘9"‘ a/b=0.2 M
Iy = ‘%Bpn = AD
08k o 0-5 06
0.3 A
07t 0.4
Ly ok
0.6
& o5 y
. .
F 1.0
0.5 2 9,
b
04}
%9
e
03 Soin 9¢
Pole 0.6
02 F 1.
IF z m 0.6 9
04
0 1_ 1 I 1 1 3 1 | ! | i L 1
of 02 03 04 05 06 07 08 09 1.0 11 12 13 14
Spin pole offset e//ab
INVOLUTE GEARING
Spur gears
pitch cylinder radii r
base cylinder radii 1 circumferential pitch p=2nr/N
i with suffix 1 or 2 : —
addendum cylinder radii 7, base pitch Po = pcos¢
module m=p/n=2r/N
number of teeth N i P
ratio of contact e
addendum a=ry—r . . . .
radius of curvature at pitch point p = rsin¢
pressure angle ()]

Path of contact

[

m

teeth of module m this becomes

1/2
= {rz sin® ¢ + a(2r+ a)} — rsing
For a standard 20° spur whee| with N

1/2
L= (0.029241\12 +N+ 1) —0.1710N



Standard tooth forms

Addendum a=m, Dedendum = %m, pressure angle = 20°.

Modules: 0.3 — 1.0 mm in 0.1 mm steps
1.0 —4.0 mm in 0.25 mm steps 4.0 — 7.0 mm in 0.5 mm steps
7.0 — 16.0 mm in 1.0 mm steps 16.0 — 24.0 mm in 2.0 mm steps
24.0 — 45.0 mm in 3.0 mm steps 45.0 —75.0 mm in 5.0 mm steps

Friction in spur gears

| —+—

average friction loss { 1 1 }
Ny N,

power transmitted

Tooth failure

’

P,
Allowable bending stress oy}, according to AGMA guidelines given by o}, = -JI-
m

where Pr isforce per unit face-width acting tangentially to pitch circle and J given in
the figure below for 20° spur gears. Typical values of oy, shown in table.

0.55- Load applied at highest 1000
point of single-tooth contact 170 Number of teeth
~ 0-50r , 35 on mating gear
5 045+ \ 17
51
& 0.40
go3s
§ 0.30
0.25 :
\Load applied at tip of tooth
0.20F :
L 1 i { 1 ) Lt

§
12 15 17 20 24 30 4050 80 2750
Number of teeth

Typical allowable tooth stresses (AGMA)

Material Condition Bending fatigue Surface fatigue
strength o, (MPa) | strength 6, (MPa)
Through hardened 170-390 590_1200
Steel and tempered
Carburised and case 380-480 1250-1550
hardened
Cast iron As cast 69-90 450-590
Nodular iron Quenched,
annealed and 150-300 500-800
tempered
Malleable iron Pearlitic 70-145 500-650




EPICYCLIC SPEED RULE

@ = (1+ R)o. — Rw, where R:%

ROLLING ELEMENT BEARINGS

Fatigue life

L= alazg,(C/P)p p = 3 for ball and 10/3 for roller bearings
Fatigue probability % 10 5 4 3 2 1
Life adjust factor a, 1 062 053 04 033 021

Bearing choice

The information on the following pages concerning loads, viscosities and
standard bearing sizes and ratings is extracted from the SKF General Bearing Catalogue
and is copied with permission. It is SKF copyright and is not to be further reproduced.

MPES, DIC, JAW
September 2021


David Cole
September 2021


Required viscosities and the effect of viscosity ratio on a,,
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