Question 1

(a) The procedure to derive weak formulation consists of three steps

1. Multiply the strong equation by a wegiht function which is equal to zero where Dirichlet
boundary condition are applied but is otherwise arbitrary.

2. Use integration by parts to ’shift’ derivatives to the weight function.

3. Insert the Neumann boundary condition

(b) First note
du . 4 d*u d , du
IRz i)

Following the three-step proceudre, we write the weak from:

1 d , du

0= [ o) + e )
Lodvdu du..

:/o (U%%—s—vf)da:—(v(u%))\o, (3)

where v is the test function. Plug in the boundary condition we obtain the weak formulation

:/ (w2 + vl (4)
0

(c) The highest order of derivative in the weak formulation is 1, therefore, one can use a simple C°
element to model the problem. The approximate solution u;, given by the C° element is continuous,

but its first order derivative % is not continuous in general.
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Question 4

(a) Let [Uy, Us] be the nodel displacement of the element, note from the boundary condition U; = 0.
The semi-discretized form is given by:

EA[1 —1][0], mAL[2 1][0] _ [0 )
L |-1 1/|]|U; 6 |1 2||Us|  |P
which simplifies to
.. 3E 3P
Uz—’—mL2 T mAL (6)

with Us(0) = 0, U(0) = 0.

(b) Assume the solution of 6 is of the form
Us(t) = Acos(at) + Bsin(at) + C (7)
3E

mL?"
From the initial condition we have:

, with o =

Us(t =0) = Acos(0) + Bsin(0) + C =0 (8)
Us(t = 0) = —Aasin(0) + Bacos(0) = 0 (9)

Where we conclude B =0 and A = —C.
Therefore Us simplifies to

Us(t) = —Ccos(at) + C (10)
To obtain the value of C' we substitute the above equation to the governing equation:
3F 3P,
2 0
_ _ = 11
a”Ceos(at) + mLQ( Ceos(at) + C) Y7 (11)
Note o? = :;—fg, then,
3E 3P
= 12
mL?2 (©) mAL (12)
Therefore I
0
- 1
C oA (13)
The displacement field in the bar is
(.8) = Uy(— a1+ 1) + Un (14)
u(@,t) =Ui(-7= 27
With U; = 0, we conclude
x PO 3F
u(z,t) —UQZ = ﬂ(l—cos( mth))~x. (15)





