3D7: Finite Element Method
— Crib for 2014 —

1. (a) Strong form

(b)

é= (DY
Weak form

/c’w: (Dc’)'w:/(Dclw)'—/Dclw'

Q Q Q Q
/c'w = [DJwl|§ - / D’

Q Q

= / ¢w +/ D' + jow(L) =0
Q Q
1.

ii.

¢ = (DY — D(ca’)

First consider the contribution of the last term
- / D(co'Yw = —ﬁ/ (co'w) + ﬁ/ co'w’
Q Q Q
= —Dlco’w)t + ﬁ/ co'w’
Q
Adding this to the weak form obtained in (a) gives
/ fw + / Dcdw' — D | co'w' + (jo + Deo’)yw(L) =0
Q Q Q
At Dirichlet boundaries always w(0) = 0!

Mu+Ku=f

The shape functions of an element with length h read

Ni@)=1-5 Nyfo)==

h h
This gives a mass matrix M
L1
h 3 6
Mij = / Nl(l‘)N](l‘) =h
0 11
6 3

Following two integrals contribute to the stiffness matrix K

/Dc’w’ and —ﬁ/ co'w’
Q Q

1
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iii.

For given nodal stress values (07,02) and linear shape functions the stress derivative is

constant
;02— 0]

h

Hence, the element stiffness matrix K is obtained from

h rarr /02— 01 h /
Kij:D/ NiNj—D—/ NZ-N]'
0 ko Jo

Inserting the linear shape functions and integrating yields

_D/‘NTW ( )
A _1
—092 — 01 2_0-1 2

_1
2
The element stiffness matrix is the sum of the two matrices
1 -1 1 -1
D — 09 — O 2 2
Ks=7% ey
-1 1 1 1

2 2

Notice that this matrix is unsymmetric. The correct sign of the off-diagonal terms is impor-
tant!
The last element in the mesh contributes to the force vector f

()

Also, the last element contributes, in addition to the above, the following to the stiffness

matrix
0 0

02 — 01

h
When the diffusion coefficient is a function of the concentration, the finite element problem
is nonlinear. This means that the stiffness matrix coefficients are a function of the unknown
nodal concentrations.
For explicit time integration the nonlinearity of the semi-discrete equations is not relevant.

0

Un4+1 — U
M%:fn_l{(un)un

This equation is linear in %p41.
However, for implicit time integration the equations are nonlinear in %y 1
u

Up41 — Unp
M ~—

AL + K(Uns1)Unt1 = Fr

The solution can only be obtained iteratively. For this one of the common root-finding
algorithms, such as bisectioning or Newton’s method, are used.
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(a) 1. The three shape functions of the element are
Ny =
Ny =
N3 =

ii. The strain-displacement relationship reads

€xz N2,:c 0 up

z

ANGRALES

2€$y Ng,y Ngx Y
Be

N, . means differentiation with respect to x etc.

ON|=

= B¢ =

(@]
M= O O

As to be expected the B¢ matrix for this linear element is constant.
iii. The stiffness-matrix can be computed without numerical integration

K¢ = / B'DB=2B"DB
Q

with
200 O 0
D=| 0 200 0
0 0 100
This yields for the stiffness matrix
e (100 O
K= ( 0 50
(b) 1. The global stiffness matrix of the two element mesh is assembled by inspection
100 + 30 0
K= ( 0 50 + 100)

ii. The discrete equilibrium equations in the global « — y coordinate system read

(5 1a0) () = ()

Now consider the displacements in a local coordinate system oriented with the inclined

roller support
Uz  [cos30° —sin30°) [uy
uy /)  \sin30°  cos30° Uy

Introducing this into the equilibrium equation in the global x — y coordinate system leads

to
150 [ €°8 30° —sin30°\ (fu1\ [ fz
sin30°  cos 30° us) A0

The roller constrains ug = 0 hence we obtain from the first equation

fa

= —= 2~ 0.007
150 cos 30° 0.00769

Uy
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3. (a) In element 3 close to the non-convex corner the determinant of the Jacobian is negative. The
integration of element integrals will yield wrong values. For instance, if we would compute the

area of the element
+1 p+1
[an= [ [ "1aemldzan
Q -1 J-1

it would give a wrong value. Moreover, the global stiffness matrix for this mesh is rank deficient
and the matrix is not invertible.

A better mesh would be

(b) i. The Jacobian J is computed with the isoparametric mapping

x:ZNixi yZZNiyi
i i

9z Oy
ot ¢
J:
oz By
on  On
The four shape functions of the element
Ni=(1-8(1-n)/4
Ny = (1+n)(1—-n)/4
N3 =(1+&)(1+n)/4
Ny= (1= +n)/4
yield the Jacobian matrix
or 1-—nq 1+n 1+n
¢ 4 * 4 8 4
Ox 1+¢ 1+¢ 1-¢
= = 4 4=2
on 4 * 4 Bt 4
0 1
9 _ +776—1+—776:0
¢ 4 4
dy 1+4¢ 1-¢
a—n—TG—i- 1 6=3
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ii.

The strain components €, and €y, follow from

(©)

DU Ous E | Bug O
9z 06 O On Oz
ey = L _ Oy O Ouy On
W™ oy 0t 0y On oy
The displacements are interpolated with
uy = 0.1- Ny uy = 0.2 Ny
and the inverse of the Jacobian reads
3 on 1 9
or Oz 2
J 1= =
9 o 11
dy Oy 3 3

Introducing the displacement interpolation and the inverse of the Jacobian into the strain
equations gives

1+7n
s = g0

1
fyy:%@‘i‘n—g)

The scalar field « is assumed as linear in the tetrahedron
U= T+ a2y + a3z + Qg
where oy, o1, as and ag are four unknowns. The scalar field u can also be expressed as a
function of the four nodal values 4, 42, u3 and u4 and the corresponding shape functions
u = Ni(z,y, 2)u; + Na(z,y, 2)us + N3(z,y, z)us + Na(z,y, 2)uqg

The shape function V; has the value 1 at node 7 and is 0 at every other node.
For instance, the coefficients o, a1, a2 and a3 defining the shape function NV can be computed
by solving

1 Y1 =1 1 (83} 1
T2 Y2 29 1 [6D) o 0
T3 Y3 <23 1 3 o 0
Tg Ya 24 1 g 0
(a) The integration scheme
b = Ani1 — Gp—1

2At

leads to the accelerations

Ant2 — 20Gn + Ap_2
4A¢t?

dn+1 - an—l .
2At
The equilibrium equations at time step n are considered

M, + Ka, = f,

ap =

Introducing the accelerations

Qny2 ~ 2Qn + Gp_n
4A¢t?
and (decrementing the indices by one) yields

Many = 403 (f o1 — Kan_1) +2Man_; — Ma,_3

M

+ Kan, = f,

5



3D7

(b) Explicit scheme. Time step size has to be chosen small otherwise the solution will be unstable.
This means the displacements, velocities and accelerations will become arbitrarily large.
(c) Need maximum eigenvalue of

(K —w*M)¢ =0
The stiffness matrix and the mass matrix for a linear bar element are

/ N,

EA/1 -1
K_T(—l 1)

5 0
2

Here, a lumped mass matrix is used. It is also possible to use the consistent mass matrix.
The maximum eigenvalue is obtained from

£
R

g

2 ph _E
D) R
det =0
E E _ 2ph
R RTW R

N 2 |E 2
Wmax—h p_h

where ¢ = E/h is the longitudinal elastic wave speed. For stability the time step size At has
to be such that

[\]

h

Wmax &

(d) Cubic element has four nodes. Distance between nodes is i /3. Time step size should reduce by
about 1/3. The propertionality is still &/c.



