Question 1

(a) Multiply by a test function: Let v(x) be a test function satisfying v(0) = v(1) = 0. Multiply
the equation by v(x) and integrate:
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Apply integration by parts twice to the fourth-order term. Boundary terms vanish due to v(0) =
v(1) =0 and w”(0) = w”(1) = 0:
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Substitute back to obtain:
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(b) First we check the boundary conditions with the trial solution:
1. w(0) =0 = C3=0.
2. w(1)=0 = C3=0.
3. ‘12—“’(0) =0 and ‘(327%’(1) = 0 are automatically satisfied by the trial solution.
We now take a test function v(z) = sin(rz):
1. Compute derivatives:

2

w’ (z) = —m2Cy sin(rx) — 9r2Cy sin(3rwx), v”(x) = —mw?sin(mz).

2. First term in weak formulation:
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3. Second term in weak formulation:
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. Right-hand side:

5. Combine terms:
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We now take another test function v(z) = sin(3wz)
1. Compute derivatives:

w'(x) = —m2Cy sin(rx) — 9720y sin(3mz), v (x) = =972 sin(37x).

2. First term in weak formulation:
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3. Second term in weak formulation:
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. Right-hand side:

5. Combine terms:
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Therefore,
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C = C = C == 0.
YT aEt+1) P 3r@Blat41) P




Q1) 3
a)-—'n.wH:u'eh-l' Launﬂ‘ary canol.'-l-{om (FasS«'Ht V‘t‘}t‘d(
bw{c; Ae{orMmlions)
- Too -{!w 1ua-4ra,4'we rof'h‘l's
o= ,anCY‘,’CA clemcml_(
- Samelhin% Wan} wi-['l» Vha{'efr'a[ (e.}. gero Yom}'s mod)
!) I» FE e7uil:'(>ﬂ'l/m Sa-“.cfie/f on[7 wea/</7,
" H»c w:aL form We vse 0n[7 a Ifm:"tteﬁ'f SewL o{
{undians as <I—e.<} and 4eial func}iovu_
c) Gavesian 7ua/frmec 1 ver7 67[{—r'5femz '[w
Fo)7nomia/5 and almoml- Fo}?vwméak_ /Vcc'{.r

-far ](eu/ar eva[umlt‘ﬂn )oafrl{'s Hydn o‘H?e’f szhcme.c.

U, , f VLS = M) e 20 (5,)

= # (7-2+7§—7%)

Y = % v, (%‘Z) + A/,f((r(z)

= = (*7r-§ 1)



1%

i) x[00) = £ (0,0)= %
)« k002
43

S(D(O):ClSL

100) - ,'TC ) b - 2
|
|
|
l

Dbyious! | us{n} a x«'n7 le c[uaﬂ{rcn[w{

FOEV\J— tves on/7 a v6/7 vou Ija/y/oﬂ?X_
Need 7morc G avis }thﬁ, )0.71{7517 7x2.



Vyllgl <=0y §L5)
C—) Curveb{ (Jounﬁ{arf€j aM l’)t‘}hﬁf ﬂrk{fr‘

converyence far s mooth /Dral:/em_(,

Ul) 4) Weak ]Lornq

[(fVu—V{)@Vv)f/)w An =0



P&V-Vu wdSl- ”V(Vu w)dSl- P vV diL ;

W0 w)ds- {wvum{r' MF
Chao.&cwomr

> [ Vou-p i) AJZ+[ w{mf Vondr-0

Uy
- U +Yp _ - ° v
VU\("UJ“;) ‘<—& 0 l)(1>:1§2
ul
Sulu'Hness corre.(fwn/{in} ‘(’0 IZVU'VW
2 - -
| ™n _
pld E'W%(—l | o)



S*.‘Hne ¢ corre&’?m/{in} o P(:VU‘VW

d-To= o (—u‘+ul)+a<¢(-u(+uz)
K, - l-x-u\ |
< N ded
o('x ' w 7/
Y 1
/Voh ‘“’Ml’
| 1-X (l-x
_x- w= L x oy he= L
H“ Py e U e
0o 9 [V )]
— 0 ocx-«} o, —oc,? o, 087,
A oy Koo X o
oy x7 %



Question 4

()

The semi-discrete finite element system is:
Ma+ Ka=f.

Using the average acceleration scheme:
2
Apy1 = Ay + At an + T (an + d’n+1)a

. . t . ..
Any1 = Ay + ? (an + an+1) .

Substitute the equation of motion @, 11 = M~(f,11 — Ka,y1) into the displacement update:
. AR 1
an+1:an+Atan+T(an+M (fn+1—Kan+1)).

Rearrange terms and multiply through by M:

A2 At? At?
<M+4K> Wni1 = Man + AtMay + == M + == faia.

Substitute @, = M~(f, — Ka,):

At? At? . A

(b)
This is an implicit method, as it requires solving a system with M + ATtZK . It is unconditionally
stable for linear systems, with second order accuracy (O(At?)).

(c)
A lumped mass matrix is used because its inversion is trivial and hence can significantly enhance the
efficiency in explicit/semi-explicit methods. Lumped mass matrix can be constructed by row-sum

lumping: M:;l mped _ $ ; Mij, from the consistent mass matrix M.





