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4.

(a) The codeword lengths are computed as L, = [—log, Px ()], i.e.,

|

@) 1) ) ©) Qf o) >
| T x| D] U o i

(b) Shannon’s contruction is given below, using the following steps

(a) order the alphabet in order of decreasing probabilities
(b) compute the cumulative probability values for each symbol
(c) express the cumulative probabilities in binary

(d) truncate the cumulative probability values at the specified codeword lengths

| # | Px(x) | Fx(®) | Ly | Fx(x) in binary | Codeword |

‘ D 0.3 0 2 | 0.000000... 00
B 0.2 0.3 3 | 0.010011... 010
G 0.2 0.5 3 | 0.100000... 100
A 0.1 0.7 4 | 0.101100... 1011
E 0.1 0.8 4 | 0.110011... 1100
C | 0.05 0.9 5 | 0.111001... 11100
| 0.05 0.95 5 | 0.111100... 11110

The expected codeword length is

ElLsr] =  LsPx(z) =31

(c) The Huffman algorithm yields the tree below. Note that we have ordered the symbols in
decreasing probabilities for ease of representation.

D,0.3 @& 1 >
B,0.2

G,0.2

A,0.1

E,0.1

C,0.05

F,0.05



The codewords are read back from the tree to yield

|z [ Codeword ]
10
00
01
1100
1101
1110
1111

| Q bl | QY | O

The expected codeword length can either be evaluated using the expression E[Lg] = 3, L, Px(x)
or using the “path length lemma” summing the labels on all the intermediate nodes in the
tree above, i.e.,

E[Lyg]=10+064+04+03+02+01=26

(d) The entropy is calculated using the expression

H(X) ==Y Px(z)log, Px(z) = 2.54644 [bits]

We observe that E[Lg| is within about 0.05 bits of entropy, whereas F[Lgp] is within about
0.55 bits of entropy.

The following relation always holds
H(X) < E[LH] < E[LSF] <HX)+1

with the last inequality strict. The second inequality holds because the Huffman code is the
optimal prefix-free code for a random variable.

(e) No, it is not possible, because these lengths do not satisfy Kraft’s inequality, i.e.,

ZQ“LU =3x2212x23%3 4274 =-10625>1
v



