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SYSTEMS AND CONTROL

Answer not more than three questions.

All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is indicated
in the right margin.

Write your candidate number not your name on the cover sheet.
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1 (a) bookwork

(b) (i) The 8-th row of the controllability matrix is of the form

[18 � _818 . . . (�_8)=�1
18)] = 18 [1 � _8 . . . (�_8)=�1]

A first condition for full rank of the matrix is that 18 < 0 for each 8. A second
condition is that there is no repeated pole, that is, all the _8’s are different from each
other. Under those two conditions, the = rows are independent from each other and
the system is controllable.

(ii) The transfer function is � (B) = 2(B� � �)�1
1 = 1

) (B + ⇤)�1
1 =
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=

8=1
1

2
8
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8
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The impulse response is therefore

⌘(C) =
=’
8=1

1
2
8
4
�_

8
C
, C � 0

which is a sum of positive terms. The impulse response is monotonically decreasing
and the step response is monotonically increasing, very much like the response of a
first-order lag.

(iii) In this case, the transfer function reduces to 1
)
1

B+1 . A minimal realisation is
given by the first-order system §I = �I+U D, H = UI, with U =k 1 k. (The rank of the
observability matrix is one, hence = � 1 states are uncontrollable and the minimal
realisation is of dimension one).

(c) (i) A symmetric matrix % with = distinct eigenvalues is diagonisable with an
orthogonal change of coordinates, that is, there exists an orthogonal matrix * such
that % = *⇤*) . The change of variable I = *G transforms the diagonal system in
(b) into §I = �%I +*1D, H = (*1))G. Hence a relaxation system is controllable if
18 < 0 for all 8.

(ii) When initialised away from equilibrium with no input, the solution of the
system relaxes monotonically to the zero equilibrium, without any oscillation.
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2 3 4 (a) bookwork.

(b) A force u(t) is applied to a mass-damper mechanical system with mass M and friction
coefficient k. The position z(t) is measured. An observer is to be designed for its velocity.

(i) §G1 = G2,
§G2 = � :

"
G2 + 1

"
D,

H = G1.

(ii) §̂
G1 = Ĝ2 + ⌘1(G1 � Ĝ1),

§̂
G2 = � :

"
Ĝ2 + 1

"
D + ⌘2(G1 � Ĝ1).

(iii) The transfer function is

Ĝ1 =
1

(B + ⌘1) (B + :

"
) + ⌘2)

D

"

+
⌘2 + ⌘1(B + :

"
)

(B + ⌘1) (B + :

"
) + ⌘2)

I

If the relationship D

"
= (B2 + :

"
B) holds, then the estimate Ĝ1 asymptotically

converges to the position I provided that the error system is stable. This is ensured
if ⌘2 > 0 and ⌘1 + :

"
> 0.

(iv) Estimating both the position I and the bias 1 requires to observe the augmented
system
§G1 = G2,
§G2 = � :

"
G2 + 1

"
D,

§
1 = 0
H = G1 + 1

with the augmented observer §̂
G1 = Ĝ2 + ⌘1(H � Ĥ),

§̂
G2 = � :

"
Ĝ2 + 1

"
D + ⌘2(H � Ĥ)

§̂
1 = ⌘3(H � Ĥ)
Ĥ = Ĝ1 + 1̂. The gains of the observer must be chosen to ensure stability of the error
system.

(v) In the absence of damping, the augmented system is not observable. Indeed,
for D = 0, one has H = G1 + 1, §H = G2 and •H = 0, hence the observability matrix has
rank 2.

END OF PAPER
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