3F7 Information Theory and Coding
Engineering Tripos 2023/24 — Solutions

Question 1

(a) Z can take values in {2,...,8}. The probability mass function is [20%]
11 1
P(Z=2)=P(X=1,Y =1)= -~ = —,
44 16
11 11 2
P(Z=3)=P(X=1Y=2)+P(X =2V =1) = -~ 4 -~ = =
(Z=8)=P(X=1Y =)+ P(X=2.¥ = 1) = 11 + 11 = &

3
P(Z=4)=P(X=1Y=3)+P(X=3Y=1)+P(X=2Y=2)= .

4
P(Z=5)=P(X =2Y =3)+ P(X =3,Y =2) + P(X = 1,Y =4) 4+ P(X =4Y = 1) = ,
P(Z:G):P(X:4,Y:2)+P(X:2,Y:4)+P(X:3,Y:3):%,
P(Z:?):P(X:4,Y:3)+P(X:3,Y:4):12—6, P(Z:S):P(X:4,Y:4):%.

(b) If Z =k, then (k — 1) questions are needed, for k € {1,...,7}. If Z = 8, then it detected after 6

questions (Is Z = 77). So the expected number of questions is: [20%)]
= 1 2 3 4 3 2 1 63
I=1—+2 243 2 14~ 15 216 = +6 —=-—=30
16+ 16+3 16+ 16+516+6 16+616 16 39
(c) The optimal strategy is given by the Huffman code, constructed as shown below. [25%]
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5—00, 6-—01, 4-—100, 7—101, 3— 110, 8 — 1110, 2 — 1111.

The expected number of questions with this strategy is

3 4 3 2 2 11 43
LF =2+ — Sl )t — ) = =269
(16+16>+3<16+16+16>+ <16+16> T



Starting from the root, the split at each level specifies the question. E.g., the first question is “Is
Z € {5,6}7”; if no, then the next question is: Z € {4,7}7”, and so on.

(There are other valid Huffman trees, which may give strategies with a different sequence of
questions, but they will all have the same expected number of questions.)

The conditional joint entropy can be expressed as

HX)Y|Z)=HX |2)+H(Y | X,2)
=H(X | Z) sinceY is a function of (X, Z)

I
]

P(Z=8)-H(X|Z=k)

M

2

When Z = 2, we have X = 1,Y =1, therefore H(X | Z = 2) = 0. Similarly, H(X | Z = 8) = 0.

When Z = 3, we have one of two choices: (X =1,Y =2), (X =2,Y = 1), both of which have
equal probability. Therefore, H(X | Z = 3) = 1. Similarly, H(X | Z =7) = 1.

When Z = 4, we have one of three choices: (X =2,Y =2), (X =1,Y =3)and (X =3,Y =1),
all of which have equal probability. Therefore, H(X | Z = 4) = logy 3. Similarly, H(X |
Z = 6) = logy 3. Finally, for Z = 5, we have four choices with equal probability. Therefore,
H(X | Z =5)=log,4 = 2.

Putting everything together, we obtain:
2 3 4 .
HX,)Y | 2)= ﬁ(l +1) + E(log23+log2 3) + E(Q) = 1.344 bits

Alternative approach: Using the chain rule, H(X,Y, Z) can be written in two ways:

H(X,Y,Z)=H(Z)+ H(X,Y | Z) = HX,Y) + H(Z | X,Y)
0

Using the pmf P(Z) above, we find that H(Z) = 2.656. We therefore have

H(X,Y | Z)=H(X,Y) - H(Z)=H(X)+ H(Y) — H(Z) = 2+ 2 — 2.656 = 1.344.



Question 2

(a) i) The codeword lengths for the Shannon-Fano code are: [25%]

6y = [logy(2M)] = ki, o = [logy(2")] = ko, ..., lar = [logy(2"7)] = k.
The expected codelength is L = sz\i1 l;P(i) = Zf\il k27 ki,
The entropy H(X) = M, P(i)logy(1/P(i)) = S, ki2~%. Therefore, L = H(X), i.e., the

Shanon-Fano code has the smallest possible expected code length.

ii) The codeword lengths of the new code are: [15%]

0y = [logy(2)] = c1, £y = [logy(27)] = c2, ..., iy = [logy(2™)] = e
The expected codelength is L/ = Zf\il P(i)l; = Zf\il ;27 ki,
iii) The difference in the expected codelengths is

M
I_/ — E = Z(CZ - 61)2_]%

i=1
This is also equal to the relative entropy D(P||Q) since

D(PQ) = ZP i) log; z 22k210g22c =Y (e -2

Since D(P||Q) > 0 with equality if and only if P = @, it follows that L’ — L > 0, with equality
if and only if P = Q. [20%]

(b) i) The probability mass function of X is

r w b
PXi=r)=———7#—+  PX =w)=— P(X,:=b) =
(Xi=m) r+w+bd’ (X1 =w) r4+w+b (X ) r4+w+b
Therefore the entropy is [10%]
r r+w+b w r+w+b b r+w+b
H(X7) = I 1
(X1) B A I A Ay rtwitb 82T

ii) We have

H(Xl,...,XK) :H(X1)+H(X2 ‘ X1)+H(X3 ‘ XQ,Xl)—l-—l-H(XK | XK—17~~-7X1)- (1)
When the balls are drawn with replacement, X7, Xo, ..., X are mutually independent and have
the same distribution. Therefore, [10%]
H(XQ | Xl) = H(XQ), H(Xg ‘ XQ,Xl) == H(Xg), ey H(XK | XK—I)"'7X1) == H(XK), and
hence H(X1,...,Xg) = KH(X;), where H(X;) was computed in part (i).
iii) We have
HYi,....,Yr)=HY1)+ HY2 | Y1)+ H(Y3 | Y2, Y1) + ...+ H(Yk | YK-1,.... Y1), (2)

The pmf for Y7 is the same as that of X;, hence H(X;) = H(Y1). Without replacement Y5
depends on Y7, Y3 depends on (Y1, Y2), and so on. Since conditioning can only reduce entropy,
we have

H(Y; | Y1) < H(Yz) < H(Y1) = H(X1),



where H(Y2) < H (Y1) will hold because Y> has one fewer choice than Y7 (you don’t need to prove

this rigorously). Considering the conditional entropies one by one, we obtain [20%]
H(Ys | Yo,Y7) < H(Xy), ...H(Yx | Yx-1,...,Y1) < H(X1). Therefore H(Xy,...,Xg) >
H(Y1,...,Yg).



Question 3

(a) Let the density of X be f, and let u be the density of the uniform random variable on [A, B],
ie., u(z) = ﬁ for x € [A, B]. Since the relative entropy D(f||u) > 0, we have: [20%]

0 < D(f|u) /f ) log g

_ /A f(x) log [£(x)(B — A)] da
B B

:/ f(a:)log(B—A)da:+/ f(x)log f(x)dx
A

=log(B —A) — h(X) using /f )dx =1, and h(X /f ) log(f

Therefore h(X) < log(B — A), with equality if and only if f = u, since D(f||u) = 0 if and only
if f=u.

(b) The mutual information I(V;Y’) can be written as [25%]

IV;Y)=h(Y)-h(Y | V)

=h(Y)—h(Z) [sinceY =Z+V with Z independent of V]

=h(V+Z)—logy2 |since Z is uniform in the interval [—1, 1]]

<logy(4) —1=1
Since V € {1 — 1/} and Z is uniform in [—1, 1], we have —2 < Y < 2, and using part (a),
h(Y) < logy(4), with equality if ¥V is uniform in the interval [—2,2]. If we choose the input
distribution P(V = —1) = P(V =1) = 0.5, then Y is indeed uniform in [—2,2]. To see this, the
probability density function fy (y) is

fy(w) =PV =0fyz(y| Z=1) + P( ~Dfyizy| Z=-1)
1 1 i? —2§?/<07
=5l2ly—D)+5f2(y+1)=q1+1 y=0
e 0<y<2

(The different value of the density at y = 0 doesn’t affect the conditional entropy, or any other
meaningful property, since the distribution is continuous.) Therefore C = maxp, I[(V;Y) =
bit, and P(V = —1) = P(V = 1) = 0.5 is a capacity-achieving input distribution.

(c) This part is from Examples Paper 3. Let the density of X be f. Consider the relative entropy

between f and ¢, where ¢ is the N'(0,72) density, i.e., ¢(x) = \/2;76_12/27—2. We have [20%]

0< D710y = [ faytog [ as

:/_Zf(x)logf(a:)—/_Zf(x) [—log\/m—;iloge} dx
:logm/j:f(x)dx + 10g2€ /_Z$2f(l‘)d$ + /_Zf(x)logf(x)

2T

(@) 1 1 1
< —log2nr? + 08C 2 h(X) = = log2mer? — h(X).
2 272 2

(a) holds because EX? = [* z?f(z)dz < 72. This proves that h(X) < Jlog2mer?. Both
inequalities in the chain above become equalities when D(f||¢) =0, i.e., when f = ¢.



(d) i) Since Var(X;) = E[X?] — (E[X}1])? = E((X1 - ]E[Xl])2> must be non-negative, we must have
E[X?] > (E[X1])?, or P > p?. [10%]
ii) We have

E[Y? = E[X}] + E[X3] + 2E[X1 Xo] + 4p® — 4u(EX; + EXs) = 2P — 2%,

where last equality is obtained by using E[X?] = E[X5] = P and the independence of X
and Xy which implies E[X;X5] = E[X;]E[X5] = p?. Using part (c), we then have h(Y) <
1logy(2me(2P — 24?)), with equality when Xy ~ N(y, P) and Xo ~ N (p, P) independent of
each other.

ii) When X7, X5 can be dependent,
E[Y?] = E[X?] + E[X3] + 2E[X1 X3] — 4u® = 2P + 2E[X; Xo] — 4p>.

The correlation E[X; X5] is maximized when X; = Xo, in which case E[X;X3] = E[X?] = P.
Therefore E[Y?] < 4(P — p?), with equality when X; = X,. Using part (b) again, we have
h(Y) < 3logy(2me(4P — 4p?)), with equality when X7 ~ N (p, P — p?) and X = X;. [15%]



Question 4

(a) Since the G is an n X k matrix, we have n = 6 and k = 3. The dimension k = 3 and the rate is

R=Fk/n=1/2. [10%]
(b) Denoting the information bits by z = [x1,z2, 23] the codeword ¢ = z - G = [1,¢9,¢3,¢4,0,1].
Using the given G, we obtain [15%]
[x1, 2, x2 4+ x3, X1 + 2 + X3, 21 + X3, T1 + 2] = [1, ¢, ¢3,¢4,0,1].

Solving for z1,x2,x3 from the three equations with non-erased bits, we get x1 = 1, xo = 0,
x3 = 1. This gives co = 0,c3 =1,¢c4 = 0.

(c) Replacing the second row of G by the sum of the second and third rows, we get a systematic
generator matrix: [10%]

100111 100111
01 1101 —10100T11]:==Ggs
001110 001110
(d) For systematic Gsys = [I). | P], the parity check matrix H = [PT | I,,_4]. Therefore: [10%]
1 01 100
H=]111010
110001

(e) The minimum distance of the code is the smallest number of columns in H that add up to O.
Columns 2, 5, and 6 add to 0, and there are no two columns that add to to 0. Therefore the
minimum distance is 3. [10%]

(f) The factor graph corresponding to the parity check matrix is: [10%]

—_—

Vi Va Va V‘f Vs Ve

(g) The received sequence is y = [-0.6, 0.5, 0.2, 0.4 — 1.2, 0.7].

i) The message transmitted by variable node j in the first iteration is L(y;) = 2y;/0?, for j =
1,...,6. Therefore, the message sent by the first v-node is L(y;) = —1.2. [5%)]

ii) The third code bit is connected to the first and second check nodes. Therefore its LLR after
one complete round of message passing is:

Ls = L(y3) + Ley—vs + Ley—vs,



where L¢,yu,, Ley—s0y are the messages sent from check nodes 1 and 2, respectively, to vs. The
message L, .y, is determined by the initial LLRs received from v; and vs (the v-nodes other than
v3 connected to the third check node):

Leysv; = 2tanh™! [tanh(L(y;)/2) tanh(L(y4)/2)] = 2tanh™! [tanh(—0.6) tanh(0.4)] = —0.4139.

30%]

Similarly,

Leyspy = 2tanh ™! [tanh(L(y1)/2) tanh(L(y2)/2) tanh(L(ys)/2)]
= 2tanh ™! [tanh(—0.6) tanh(0.5) tanh(—1.2)] = 0.4199.

Using the above along with L(ys) = 0.2, we obtain:
Ly = L(y3) + Le, vy + Loyyoy = 0.4 — 0.4139 + 0.4199 = 0.406

The sixth code bit is connected only to the third check node. Therefore its LLR after one complete
round of message passing is: Lg = L(Y6) + Leg—v- The message Le,_yy is determined by the initial
LLRs received from vy and vs.

Ley—svs = 2tanh™! [tanh(L(y;)/2) tanh(L(y2)/2))] = 2tanh™! [tanh(—0.6) tanh(0.5)] = —0.5069.
Using the above along with L(yg) = 1.4, we obtain:
Lo = L(ys) + Leysug = 1.4 — 0.5069 = 0.8931.

Since Lg > 0 and Lg > 0, both code bits will be decoded to 0.



