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Module 3C8
MACHINE DESIGN

Answer not more than three questions.
All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is indicated
in the right margin.
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1 Figure 1 shows a pair of identical gears, each consisting of a central disc and 10
radial pegs. The pegs are cylinders of radius 7. The length of the pegs is such that there is
always one pair of pegs in contact. The distance between the centres of the two gears is R.
For the purposes of calculating the contact geometry and kinematics, it can be assumed
that r is negligibly small compared with R. The axes A1 and A, about which Gears 1
and 2, respectively, rotate are perpendicular to each other, and both lie in the horizontal
plane. The angle between the centre-line of the peg on Gear 1 (labelled C-L) and the
horizontal is 6. A constant torque T is applied to Gear 1, which rotates at a constant
angular velocity 8. Rotation of Gear 1 is clockwise, so that 6 is negative. Unit vectors i, j
and k define an orthogonal coordinate system as shown on the figure.

(a) Assuming Hertzian contact theory can be applied to the contact between the pegs,
derive an expression for the Hertz stress at the contact in terms of 6, r, R, T, and the
Young’s modulus E and Poisson’s ratio v of the pegs. Describe also how the contact
pressure varies across the contact patch.

(b) Find an expression, as a function of 8, for the angle between the contact normal of
the pegs and the vertical direction.

(c¢) Find expressions for:

(i) the sliding velocity at the centre of the contact patch;

(ii) the spin velocity at the contact.

(d) Comment on the variation with angular position ¢ of the power lost due to friction. [10%]
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2 Figure 2 shows a cross-section through part of a compound gearbox used in an
automatic transmission. Two input shafts A and B rotate at speeds w 4 and w g, respectively,
while the output shaft D rotates at wp. Element C rotates at angular speed w¢ about the
same axis as shafts A, B and D, and carries with it planetary gear elements E which are
free to rotate relative to C. The different elements are connected via bevel gears, with tooth
numbers a, b, d, 1 and e, as marked on Fig. 2 at the relevant meshing points. Because
of the geometry of the gears, note that a = b.

(a) Element C is held fixed (i.e. wc = 0). Derive expressions for the angular speeds
wp and wp, in terms of w4 and the tooth numbers a, d, e1 and e;. [25%]

(b) Element C is now released. Show that the angular speeds of the three shafts A, B
and D can be related by a linear equation of the form

wp =awp + Pwp

finding expressions for o and B in terms of the tooth numbers a, d, e and e;. [45%]

(¢) With element C released and with w4 = 2wp, find an expression, in terms a and f3,
for the power input through shaft A as a proportion of the output power through shaft D. [30%]
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3 A car has mass m = 1500 kg, rolling resistance coefficient C, = 0.02, frontal area
A = 2.0 m?, acrodynamic drag coefficient C; = 0.3, and wheel radius R = 0.35 m. The
force F resisting forward motion at constant speed V on horizontal ground is:

1
F=mgC, + EpACde

where g is the gravitational force per unit mass and air density p = 1.2 kg m~3. The
vehicle is driven by an electric motor with the output characteristic shown in Fig. 3, where
rpm means revolutions per minute. The permitted operating region is indicated by the
shaded region.

(a) The electric motor drives the wheels of the vehicle through a single fixed speed ratio.

(i)  Calculate the maximum possible speed of the vehicle on horizontal ground
and the corresponding speed ratio (motor speed : wheel speed).

(i) For the speed ratio found in (a)(i), use numerical integration of data presented
on a plot with axes V and F, or otherwise, to calculate an approximate value for the

minimum time taken to accelerate the car from rest to 80% of the maximum speed. [35%]

(b) It is decided to equip the vehicle with a gearbox to include a second speed ratio, to
reduce the time calculated in (a)(ii). The vehicle initially accelerates from rest in the new
ratio. The speed ratio is then changed to the ratio found in (a)(i) before the vehicle reaches
maximum speed.

(i) Choose a suitable new ratio, explaining your reasoning using qualitative
arguments and stating any assumptions made.

(ii) Calculate an approximate value for the new minimum time taken to accelerate
from rest to 80% of the maximum vehicle speed, and state the vehicle speed at which
the ratio should be changed.
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4 (@) A torque T causes surface failure of two accurately-made spur gears, both
with 38 involute teeth. The gears have module m, pressure angle ¢ = 20°, and addendum
a = 1.2m, which gives a contact ratio of 2. Assuming the same failure mechanism, find
the expected safe pinion torque, in terms of 7', when one of the spur gears meshes with a
rack with standard teeth having a pressure angle ¢ = 20° and an addendum a = m.

(b) A pair of identical spur gears, with standard pressure angle ¢ = 20°, is required to
transmit power of 50 kW at a shaft speed of 2,000 revolutions per minute for a duration
of 100 hours with 90% reliability. Each gear wheel is supported by a single deep groove
ball bearing of outer diameter D. The bearings are well lubricated such that the factor
ay3 = 1. The gears are required to have the smallest possible distance a between centres
subjecttoa > 1.1D.

(i)  Show that a suitable bearing minimises D, subject to exceeding a minimum
value of CD, where C is the basic dynamic load rating of the bearing.

(ii) Find the minimum allowable value of CD and hence select, from the deep
groove ball bearings in the data sheet, the bearing that minimises a subject to
a>1.1D.

END OF PAPER
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ENGINEERING TRIPOS Part I1IA
Module 3C8 Data Sheet

ELASTIC CONTACT STRESS FORMULAE

Suffixes 1, 2 refer to the two bodies in contact.

1 1 1 —vi2 1-v2
Effective curvature —=-—+-— Contact modulus 1 = 1-v + 1-v,
R R E* E E,
where Rj, R, are the radii of curvature where Ej, Ey and vy, v, are
of the two bodies (convex positive). Young’s moduli and Poisson’s ratios
Line contact Circular contact
width2b ; load P’ per unit length diameter 2a;load P
Semi contact p 172 1/3
width or b=2{PR} a___{SPR}
contact radius nE* 4E*
Maximum contact , 1/2 1/3
pressure Po = {P E *} _ l 6 PE *2
(‘Hertz stress’) iR po = n| R2

’ 2
5= 2P [1-v; In 4R 1 ) , U3
Approach of T E b 2 s=% 1 { 9 P }

centres
2
LoV ln(4R2)_l
E, b ) 2

Mean contact _ P = _ P
pressure p= b 4P0 P—ﬁ—gpo
Tmax = 0.300 py Tmax = 0.310py
at x=0,z=0.79b at r=0,z=048aforv=0.3

Maximum tensile 1
stress Zero 5 (1— 2V)p0 atr=a,z=0

Mildly elliptical contacts
1 1
If the gap at zero load is A= Esz + —2-By2 and 0.2<A/B<5 then

ratio of semi-axes b/a = (A/B)Z/3
To calculate the contact area or Hertz stress use the circular contact equations
with R=(AB)""? or better R, =[AB(A +B)/2]"V/3 .

~ For approach use circular contact equation with R= (AB)"”2

(not R.)



Hertzian contact frictional losses

09 a/b=0.2

L = SNiEE

0 1 1 1 i 1

i i
0.1 0.2 0.3 0.4 05 06 07

1
0-8 0.9 1.0 1.1 1.2 .3 W

Spin pole offset e//ab

INVOLUTE GEARING

Spur gears
pitch cylinder radii r
base cylinder radii %

. .. with suffix 1 or 2
addendum cylinder radii r,

number of teeth N
addendum a=ry—r
pressure angle ¢

Path of contact

r+a

circumferential pitch p=2nr/N

base pitch Dp = Pcos¢
module m=p/n=2r/N
ratio of contact A

radius of curvature at pitch point p = rsin¢

1/72
l= {r2 sin® ¢ +a(2r + a)} —rsing
For a standard 20° spur wheel with N

teeth of module m this becomes

| 2 1/2
_=(0.02924N +N+1) —0.1710N

m



Standard tooth forms
Addendum a =m, Dedendum = zm, pressure angle = 20°.

6
Modules: 0.3 — 1.0 mm in 0.1 mm steps
1.0 - 4.0 mm in 0.25 mm steps 4.0 - 7.0 mm in 0.5 mm steps
7.0 - 16.0 mm in 1.0 mm steps 16.0 — 24.0 mm in 2.0 mm steps
24.0 — 45.0 mm in 3.0 mm steps 45.0 —75.0 mm in 5.0 mm steps

Friction in spur gears

average friction loss { 1 1 }

- n)—+—
power transmitted N Ny
Tooth failure
. - . Py
Allowable bending stress oy, according to AGMA guidelines given by oy, = —J—T—
m

where P is force per unit face-width acting tangentially to pitch circle and J given in
the figure below for 20° spur gears. Typical values of &}, shown in table.

0.55¢+ Load applied at highest 1000
point of single-tooth contact 170 Number of teeth
., 050 35 on mating gear
§ 045}
& 040+
Fo3st
§ 030}
0.25 ;
\Load applied at tip of tooth
0.20F :
i o i 1 1 S N | 1 Ll
12 15 17 20 24 30 4050 80 275
Number of teeth
Typical allowable tooth stresses (AGMA)
Material Condition Bending fatigue Surface fatigue
strength o, (MPa) | strength o, (MPa)
Through hardened 170-390 590-1200
Steel and tempered
Carburised and case
hardened 380-480 1250-1550
Cast iron As cast 69-90 450-590
Nodular iron Quenched,
annealed and 150-300 500-800
tempered
Malleable iron Pearlitic 70-145 500-650




EPICYCLIC SPEED RULE

A
@, = (1+ R)o, — Rw, where R= g

ROLLING ELEMENT BEARINGS

Fatigue life

L =ajay;(C/P)P p = 3 for ball and 10/3 for roller bearings
Fatigue probability % 10 5 4 3 2 1
Life adjust factor a, 1 0.62 0.53 0.44 0.33 0.21

Bearing choice

The information on the following pages concerning loads, viscosities and
standard bearing sizes and ratings is extracted from the SKF General Bearing Catalogue
and is copied with permission. It is SKF copyright and is not to be further reproduced.

MPES, DIC, JAW
September 2021



Required viscosities and the effect of viscosity ratio on a,,
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Engineering Tripos Part IIA: Module 3C8
Machine Design

Numerical answers — 2022

1. (b) ¢ = cos™? (ﬁ) (©)@) QR¢ = (—tand —tand 0)7,
.. —20tan6
(C)(ll) vV 1+2tan?60

aeq

2. (a) -1; b—ez

()

2.(b) a=-2L22p= (%2—1)/2

a
2 (C) a+p/2

along the common normal direction

3. (a)(i) 50 m/s, 3.30 (a) (ii) 90 s approx., b(ii) 40 s approx., choosing G=6.6

4. (a) 1.26 T (b) 6008



