Solution to Question 1

(a) As instructed, let n=7e** where (7 < 1).
. 2 : .
Thus: g__:l = (ik)ﬁelkxﬂt & gx;} o (’-k)2ﬁelkx+sl = _k2ﬁe1kx+st'

Hence, the pressure on the surface is:

2 7l .
| W T
\ ¢ ox- as /

Note: we are given that the pressure does not vary radially outward across the liquid film
and only varies spatially in x. So, if we know the pressure at the liquid-gas interface (i.e.
the surface of the film) at a given value of x, then this must be the pressure in the film at
this location x. We can substitute this expression for pressure into the governing equation.
Governing equation is then

RO O A
Bas = (’k)a_2'7 ((ka) = 1) e ’
8*u sy Y 2 ikx+st
= a7_(zk)#—az;7 ((ka) —l)e = A.
Integrating once gives: aE=Ar+ fi where fi = const. or f; = f(x,1).
The free surface b.c.: Hgr =0onr=a+h = fi=—-A(a+h).
Integrating again gives: U= A%z —A(a+h)r+ f>.
{ 9 A\
The no-slip b.c.: u=0onr=a = f2=A(“7‘-+ha).
2
Thus: u=A ['; —(a+h)r+ (-‘-’f + ha)] ;
By continuity: dy (_g_;;) = (kYA [é =B (922- & ha)]
& integrating gives: v =—(ik)A [%3- - (a+ 11)522 + (é + ha) r] + f3.
Using the no-slip b.c.: v =0o0nr = a we have:
0=—(ik)A|% ~ (a+n)% + (%f +ha)a, o

= f3= (A% +5h].
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Hence:

3 2 2 3 2
r r a a a‘h
)= —(71 ) 1o e — )/ B pe—
V (zk)A(6 (a+h)2 +(2 + zu)r 3 5

. : ; a o
Finally, the kinematic b.c. d—;’ —vonr—a+h — shelk¥Ht —yl . o that:

(a+h)3 =
6

sHeRX*St = _(ik) A (a+h)

e — + ha (a+h)—?—— :

(a+h)? [a2 a’  a?h
2 2

SN

=-h3/3

Substituting for A, we have:

Ha= \ ’ 5 )

: y —}3
sﬁelkx+.¥f = _(l-k)(l-k) yqﬁ ((ka)2 = 1) eth+St (4) ;
/
On rearranging, the growth rate is thus:

(= (-}1\% Y (ka)2 (1 - (ka)z) ; \:l'

a 3[1“ \

[85%]

(b) The solution in part (a) indicates that the liquid film is:
unstable for (ka)? < 1 [the quantity ka, a dimensionless wavenumber.]
stable for (ka)? > 1.
In words, the film is unstable to small wavenumber perturbations, i.e. to long waves.
Given the wavelength 2 = 2n/k, (ka)2 <1 = 1> 27t a, i.€. the sysieiii is unstable

to perturbations with wavelengths that exceed the circumference of the liquid film.

The most amplified mode is given by the solution of: ;"dk—’m = 0. Substituting for s, this
s (ka) —
gives (g) 3-#La [2(ka) — 4(ka)?| = 0 and hence ka = % is the wavenumber of the most -

amplified mode. [15%]
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Solution to Question 2

(a) The essence of the approach is as follows: small amplitude perturbations (marked
below with a prime) are introduced about the pressure, velocity, etc., of the steady base
flow (say, g, po) so that

u=uy+u'(x,y,z1)

p=po+p'(x,y,21)

(4]

and substituted into the governing equations of motion and boundary conditions. Thes
perturbations represent the unsteady flow. This system is then linearised, i.e. products of
small terms are neglected (as diminishingly small). A given disturbance to the base flow
can be Fourier analysed spatially and expressed as an integral sum of normal modes over
a range of wavenumbers k. Owing to there being an absence of terms in the governing
equations involving products of perturbations, modes are independent/orthogonal and we
can solve for the growth rate s(k) by taking a single mode for which k is treated as
a parameter - subsequently sweeping through all values of k. Solutions to linearised
system therefore sought in terms of normal mode solutions, e.g. p’ = p(z)elk*+s_If
Real{s(k)} < O for all k, the system is stable.

(b) To investigate the temporal stability of the flow we perform a linear stability analysis.

Two-dimensional mixing layer:
For incompressible flow V - u = 0
Assume irrotational u = Vg as Vxu =0 = V24 =0
Density unitorm. Therefore expect this system to be unstable.
Kinematic b.c.: particles on the interface, remain on the interface. So defining

F(x,y,t) =z—=n(x,t) then F=0onz =75, and DF/Dt = 0 gives:

Dynamic b.c.: pressure is continuous across the interface/vortex sheet, so from unsteady

Bernoulli;
2 2
p_| 9 % __ _ _| 9 & =
p— a1 > gz-Gi(1)| = TS 82—=Ga(t)| onz =n(x,1)
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Base state solution is:

Uyji for z>0,
u=
Uyi for z<0,

P {po—pgz for z >0,
tPO-PgZ for z <0,

Introducing perturbations to base state:
o} :¢’1+U1x, ¢2=¢’2+U2x’ p=P+pl’ ”=0+nl

Governing equations reduce to: quf)’1 =0 for z> 0and V2¢§ =0 for z<O.

Boundary conditions reduce to:

o Ol _ 0 s
on z=0 3,+U1‘,9Z‘—‘d’z;]‘ on z=0
o7 Ly, % - %% on z=0"
f 29x T 9z =
and J¢I 0(/‘/ J¢I 0¢I
1 1 2 2
% e M BUIE, Seo W ESRPEE
Vox ~ ot x o1

[Moreover, we require the disturbance to be confined, so that V¢ — Ui as 7 — +.]
q
Seek normal mode solutions of the form:
(', 81, 65) = (4, $1(2), $2(2)) e**+51

We obtain: ¢/ (z) = Be~kzgtkx+st ensuring V¢| — Oas z — oo
¢§(z) = Cekzetkx+st ensuring V¢’2 —0asz — -

Kinematic (linearised ) b.c.’s give: C = (s + U> ik)-;<2 & B=-(s+U, ik)g.
Dynamic (linearised ) b.c.’s give: 252 + 2iks(U; + Us) - kz(Ul2 - U%) =0
Hence:

S=—%ik(U[+U2)i%k(U1—U2). Ié
[80%]
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ENGINEERING TRIPOS PART IIB 2022
MODULE 4A10

Detailed comments

Question 1

Capillary stability of liguid film on a wire

This was a difficult question that, by including a wire, formed an extension of the capillary film
instability that candidates studied in class. The governing equations for the perturbations were given
and although that these were for the perturbations was italicised, a number of students used up
valuable time by substituting for the perturbations into these equations. Candidates that recognised
that the pressure only varied along the film did very well, with a number successfully answering all
parts perfectly.

Question 2

Temporal linear stability of a mixing layer

This question required the candidates to show that they could perform a full linear stability analysis.
Linear stability analysis is a key component of the course and to their credit, the majority of the
candidates answered this question well, some answering the question essentially perfectly. It would
appear that the candidate scoring the lowest mark ran out of time after attempting only one other
question.

Question 3

Linear local stability

This was a difficult question about local stability. Nearly all candidates answered parts (a,b) well,
showing a good qualitative understanding of absolute and convective instability. In part (c), nearly all
candidates derived a useful dispersion relation but many did not notice that the tension T(x) is a
function of position x and therefore missed this aspect of the solution. One student answered (d) very
well. For those who had not noticed that T was a function of x, marks were given for intelligent
reasoning and physical understanding of the problem.

Question 4

Added mass, vortex shedding, and lock-in

Almost all students answered well parts (a,b), which were about added mass, and part (c), which was
about vortex shedding. Many students answered part (d) well, which was about lock-in. They all
showed that they had understood the concepts but only around half were able to transfer those
concepts to a new situation. Students that answered this question well drew diagrams to illustrate their
answer and did not simply repeat the diagrams in the notes. Many students did not attempt to
highlight the defects in the model, but a few students answered this part very well.



