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EGT3
ENGINEERING TRIPOS PART IIB

Wednesday 24 April 2024 9.30to 11.10

Module 4A12
TURBULENCE AND VORTEX DYNAMICS

Answer not more than three questions.
All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is
indicated in the right margin.

Write your candidate number not your name on the cover sheet.

STATIONERY REQUIREMENTS
Single-sided script paper

SPECIAL REQUIREMENTS TO BE SUPPLIED FOR THIS EXAM
4A12 Data Card (3 pages)

CUED approved calculator allowed
Engineering Data Book

10 minutes reading time is allowed for this paper at the start of
the exam.

You may not start to read the questions printed on the subsequent
pages of this question paper until instructed to do so.

You may not remove any stationery from the Examination Room.
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1 (a@) What do we mean by Taylor’s hypothesis and when is it valid? How does it
help us measure the kinetic energy dissipation rate with a single hot wire? [20%]

(b) Consider a homogeneous isotropic turbulent flow with mean streamwise velocity U
and no mean velocity in the other directions. Define the integral timescale and the eddy
turnover time and discuss the connection between these two quantities. [20%]

(c) Discuss how you would expect the integral lengthscale, the turbulent kinetic energy
and its dissipation rate to vary with distance from the grid in wind tunnel turbulence. Give
reasons for your answers. [20%]

(d) In wind tunnel turbulence, the integral lengthscale L; changes with streamwise
distance x from the grid as L; ~ x™. Derive an expression for the evolution of the turbulent
kinetic energy k with x. [40%]
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2 Consider a planar mixing layer between two fluid streams separated by a splitter
plate. One stream has velocity Uy and the other is stagnant. x1, xo and x3 are Cartesian
coordinates. x; is in the direction of the flow, x, is normal to the flow and to the plate, and
x3 is normal to the flow and parallel to the plate. The origin is placed at the edge of the
splitter plate. We consider downstream distances where the turbulence is fully developed
and has reached a self-preserving state.

(a) Sketch qualitatively the mean velocity and the turbulent kinetic energy k versus xp
at two stations x; = L1 and x; = Ly with Ly > L{. What can you say about the ratio
k(xy = 0)/Uy as a function of x; ? Justify your answer. [20%]

(b)  Sketch carefully the distribution of the normal stresses ? u_’22 and @ and of the

Reynolds stress ”/1 u’2 as a function of x. Give reasons for the relative magnitudes of the
normal stresses and the sign of the Reynolds stress. [40%]

(c) Write down the mean continuity, cross-stream momentum, and streamwise
momentum equations for the above flow. Compare the order of magnitude of the various
terms and hence simplify the streamwise momentum equation. Show that the half-width

0 must scale as xj. [40%]

Page 3 of 6 (TURN OVER



Version JL/4

3 At the origin, the velocity of the line vortex
o

ug = ——

O~ 2nr

becomes infinite. Such behaviour is prohibited because continuity requires that the
velocity be zero at the origin. To meet this requirement we must have a core region
where the flow is rotational and viscous forces are important. We assume that the velocity
ug(r,t) is a function of r and ¢ only and u, = u; = 0. The 6-direction momentum equation

8u9 . 82u9 labtg Ug
7‘”(?*?72—2 |

simplifies to:

where V is the kinematic viscosity of the fluid. Boundary conditions are

ug(r=0,1) =0,
r
ug(r— oo,1) = 50,
r
ug(r>0,1=0) =52 .

(a) Explain why a similarity solution may exist.

(b) Itis convenient to take the circulation
[(r,t) =27rug(r,t)

as the dependent variable of the problem. Deduce the equation for I'.

(c) We look for a similarity solution of the form

C=f(n). n=r/(v)!/?.

Derive an ordinary differential equation for f.
(d) Determine f with appropriate boundary conditions and hence ug.

(e) Comment on the behaviour of ug when r2/(vt) is very large and very small.
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4

(a) Prove Helmholtz’s first theorem: the fluid elements that lie on a vortex line

at some initial instant continue to lie on that vortex line for all time, i.e. the vortex lines
move with the fluid. [20%]

(b)

Figure 1 shows a river entering a bend. The bulk of the upstream flow is irrotational

and viscous effects in the bend can be neglected.

(c)

(i) How does the flow speed depend on the radial position r? Justify your
conclusion.

(i1)) Assume that the bend is circular. After a short transition region the flow
becomes independent of the azimuthal angle, 8. Show that the streamlines are
circular.

(i11) How precisely does the flow speed depend on the radial position r in (i1)?

[40%]

On the bed of the river there is a rotational, boundary layer region.

(i) Indicate on a sketch how the vortex lines associated with this region evolve
as the river traverses the bend. Describe the resulting secondary flow. What is the
weakness in this argument?

(i) Use a radial force balance argument to deduce the secondary flow pattern.  [40%]

Fig. 1

END OF PAPER
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Vortex Dynamics Data Card

Grad, Div and Curl in Cartesian Coordinates

¥ & F
Vf‘(ax’ >’ az)

— aAz__aAJ’ an_aAz aA)’_aA'x
Ny % & & & &

Integral Theorems

Gauss : J.(V -A)dV = §A -dS

Stokes : j(VxA).ds=§A-d1

Vector Identities

V(A-B)=(A-V)B+(BV)A+Ax(Vx B)+ Bx(V x A)
V(A= f(V-A)+A-Vf
VX(AXB)=A(V-B)—B(V-A)+(B-V)A-(A-V)B
VX(VxA)y=V(V-4)-V24

Vx(Vf)=0

VA(VxAy=0

Cylindrical Coordinates (r, 0, z)

F 1 o (3
vf= 2 9 L J
4 (ar’fae’ % i
P
19 1904y o4
VA== ~%% 9
‘ r&'{r4)+r 28 N &
ér I"ée Az o
= il 2 2 o =9
VXA=—f— — — r
rlor 98 & 3N
4 rdy 4, <
= e

: 104, ddg o4 a4, 13, , 194
IxA=|—ZF- ~E2 L (-~
o (,«39 % % o a3



Cambridge University Engineering Department
4A12: Turbulence

Data Card

Assume incompressible fluid with constant properties.

Continuity:

o,
"u —0
dfﬂg
Mean momentum:
o Jt; 1 0p ol
MSelimpasct = 0%u; /0 — —2L + 73,
ot +u18$j p8xi+y U/ x‘j (‘3xj +gl
Mean scalar: _ _ o _
op _ 0 0y Oul¢
bkl p - D =
ot tu Ox; Ox? 0x;
Turbulent kinetic energy (k = uu}/2):
ok _ Ok 10up 1o 9%k
7 thg, B =g Vo
ot Oz; p O0r; 2 Ouxy oz
i Ju; — 8“‘; 2+ T
i j@xj 81']' Jithi
The k — ¢ model:
% U@k_(’) ﬂak P
ot 18151' N (9.1:1- Tl 8.131- k
% u_ Bmbel, cp_..C
ot ‘Oz, Oz \o.0z; SR
k‘2
Vy = Cﬂ?
1 (0w Ou;\°
P== : J
k 2Vt (8£L‘J + 85[)1)

C, =0.09, coy =1.44, cey =1.92, 05, = 1.0, 0. = 1.3



Energy dissipation:

2
( ou] > u?
E=v R —
3%' Lyurs

Scalar fluctuations (02 = ¢/¢'):
80>  _bo® 0 0 3¢ o4\
5,20 = D27 o 2 _ 95 _op
ot +U] ij 31‘3 2¢ ujaﬂ?j ¢u‘78.’17j (8.7)])

Scalar fluctuations (modelled):

802 o 9 do ap\°

Scalar dissipation:

= o' 2 € o u 4
N =2D ~2-0“=2
: . (a’rj) ka Lturba

Scaling rule for shear flow, flow dominant in direction z;:
u 851
kel
Lturb 8372

Kolmogorov scales:

P (1/3/6)1/4

™~ = (v/e)"?
Vg = (V6)1/4
Taylor microscale:
2
u
£ = 151/F
Eddy viscosity (general):
ou;  Ou, 2
u;u; = —Viurb <8_.CC] + axl) + §k51
9%
Ty = —D, ,—
u_7¢ turb amj

Eddy viscosity (for simple shear):

1,7

WU, = —Upep—o

1U4 ‘turb
0xo





