
ENGINEERING TRIPOS PART IIB  2024 

MODULE 4A9 – Molecular Thermodynamics 

Solutions 

Examiners’ comments: 

Q1 Six-group velocity distribution and intermolecular forces. This question was done well 

with most candidates able to determine the gas temperature and work out the various 

components of molecular energy. The manipulations associated with the Lennard-Jones 

potential were also handled well. 

Q2 Moments of the Boltzmann equation. Candidates knew how to derive these moments 

(starting from the given Boltzmann equation) and apply them to conservation of mass and 

momentum, correctly identifying viscous stresses and pressure terms in most cases. The last 

part (on decomposing the molecular kinetic energy flux into four terms and relating these to 

physical quantities) was perhaps not quite so well done. 

Q3 De Broglie wavelength. All students were able to show de Broglie wavelength as a 

function of energy (3a) and most students were able to answer when quantised effects were 

important (3b). Almost all identified that the length scale to de Broglie ratio gave an 

indication of the scale of quantum effects (3ci). Less than half of students could transition 

from the quantized sum to an integral by properly identifying that the energy spacing was 

close and arrive at the appropriate relationship for the partition function (3cii) and most 

struggled with fully identifying the number of degrees of freedom for entropy to compare the 

two methods of calculating entropy (3ciii). 

Q4 State space for 2D system. All students were able to describe the momentum and wave 

function terms (4a), but several did not appropriately identify the units. Almost all students 

could write down the appropriate wave equation partial differential equation (4b) and identify 

the boundary conditions (4ci). A few students missed the final solution. Students had mixed 

results in identifying the number of state spaces and the gradient of state space with 

molecular speed (4cii). Likewise, many students had the right approach to the number of 

state spaces below the RMS speed, but made calculation mistakes or had minor errors (4d). 
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Q. () () Average (bulk) velocityU = E = (23 , 40 , - 10)
: Peculiar velocity is C = 1525 in each coordinate direction.

i.e., Molecular speed = 525 ms

: ERT = m T ==541

= 309.4k[4]-

(i) Assume PIG with rotationalmodes excited (but not vibrationalmodes
Per unit mass:

BULK HE = 12 4 = 12 (23+ 40 + 10) = 1115R5/Rg
THERMAL TRANSLATIONAL KE = Ye (2

INTERNAL ROTATIONAL KE = RT )
(b) ()

A

&
[3]

>

Vo

(i) V = A(x - x) where : rol

F = 0 when-dV = 0 = &V = 0

21: 12x = 65 - = Fo = ... v = 2 ro = 0 . 418nm (2)

(iii) Tear ~ mil/R
Erin occurs at F = 0

,
when = In

: Emi = Alte -z) = - A/4

: Teri~ = 96.2 k [3]



(iv) To obtain estimate
,

assume each molecule occupies a cre of
side a Thus,

>
3 mpV = NkT > ( I =

3

12T/P

·& 100 bar & 309 . 4k ,
a - 0. 6 nm

Considering only closest neighbours ,
each pair has a potential

energy of~-A(· Each molecule has six close

neighbou ,
so the potentialenergy

associated with each

molecule ~-bALE = Epr - 9 .23x10225

other internal
energy= ERT -1 . 07 x 1020 -

Thus
, fraction of (thermodynamic) energy ~ xiassociated with potential interaction

~ 10 %

This is VERY APROXIMATE ANDis LIKELY TO BE A SIGNIFICANT

UNDERESTIMATE DUE TO CONTRIBUTIONS FROM OTHER NEARBY MOLECULESS

BUT NONETHELESS SHOWS SIGNIFICANT DEPARTURE FRONT IDEAL GAS BEHAVIOR
S
[3]



② (a) +E
1) f defined s .

t
. f (c ,

<
, 2) dadidas is the number

neuts in theof molecules per wit volume with velocity compon
ranges C, to 2, +d ; Cte 2+de ete (or similar) [2]

(ii) Multiply B-Edy Q and integrate over all velocity space :

·Ed+d=S I
.-x

Noting t
, xij and Cj are independent :

↳jafd
·: Ena) + Ea) = a [4]

(ii) For mass continuity , pert Q = m (molecularmass)· Note p=nm

· Em) + Exj(umj) = 0
RH) is 0 because
mass conserved in

collisions.
-> + E()0(

For momentum conservation
, putQ

= mei

: (nmci) + E(umi) =o
RH is because

momentum is conserved

dining collisions.



-

· (i) + E(p)
Now write ci = vi + Ci etc.

Eicj = (i+ (i)(uj+ 2j) = ninj + Ei
: +(i) + Equini) = E

-

DEFINE p = PC (-re of average normal stress
Tij = - (p - pSij)

·: (i) + Einj)= (8]

(b) Fj = p <(2) = the net flux of KE in the sig direction

Fj = e}(uj + (j)(ni + (i)(ui +4)
.

= (e(uj + 3)(ui + Ci + 2uici)

-Mid= 1e[ujjui + ci+ i) + <(m+Ci+ 2uic))
= enju + put quit [6]↳

*
M↑

I t IBULK KE

CONNECTED

BY BULK FLO Es
RATE OF WORK

RANDOW THERMAL

KE CONVERTED
DONE AGAUST

BY BULK FLOW Viscows STRESSES

(PLs zow work)



: []

~
O a = 3 T is n

OK
,

BUT E= YRT is the

(b) () m - 2000kg ; V-30ms average KE associated with

: x = 6 . 626x10T4 (2000x00) - 1 . 1 x 1038 m
motion in one direction.

O
-34

(ii) E =
T

= X = x - 1 .
26x10m

* 4+1x 1 .38x10 300/6.
023x186

(ii) 2 = Ve = X= x
= 1 .23x10"m

All
very small lengths
,butrelative importancedependaa-on the size of the

"For the cur. [4]entirely negligible
()(i)x may

be interpreted as an effective spatial resolution with which

the location of a particle is known . T = 1 x thus quantifies the

relative importance of quantum effects (the larger Mt
,

the less important

quantum effects are An
,

etc.
[2]

(ii) Z = S
:edilkieit

a
X(x(x)

where 42 = /MV"Ri) BuT RT = me = me etc.

·. : nician = =

Provided - El (i. e . T1) 2 = (=R-
E x = 2 tik and G = 3 [NoteDIFFERENTvAo  z = (k)
T ) I means quantum states are v. closely spaced compared to I for a molecule·

i . e., classical (or high-temperature) linet. 6]



(11) For N molecules with 3 legrees of freedom d = 3N

3

S = Klut = NRluTT = 3NktuT

M =

z
= a = T = V+

Thus S = NR(tnV + 3 hT) + 3h()
3N

a = z= => InQ = Nhx + INT-MN !

Noo 3 = R(Tha) = KIQ +The ↓
·: S = Inkht + Nkha-khN ! + Nkidnt

&

[5]
this difference is independent of T & V

so only affects the datum of entropy.



Q4(a) Pi is the momentum of the particle in the C: direction. Units Rgms

Y is the ware function defined such that IWYdV is the probability
of finding the particle in the value dV.

Thus I must have units of misk [s]

4) AV + wY = E Y = AcEwe + Bios

or 41 = Acc (EP, x) + Bsin (p,x) [s]

(4) (i) Vi (0) = Y: (z) = 0
,

i = 1
,
2

Y: (0) = 0 => Ai = 0

Yi() = 0 => [xiL
= Mitt : Di = n

: Ex = km(n +2) = em(+ 4) = (ni + mi) [4]

(ii) Start with M(s)
,

the number of states with energy E.

For large n , &12 (i. e ., large E

↑ (c) = 4 Area of circle = + (m?+ n2)

-=enms/r "IIIIII
,=x() &

g(c) = d = 2 (mL

&) These are only two degrees of freedom so ImE = IT = mc = 2 T

: M(2) = 1 mAZRT

T
=

50
+4)

x 2x300 x 1 .38x102

19
= 3 .94 X10 STATES [4]


