
Question 1 
(a) To estimate the tensile-shear distortions we can use one of the tensile-shear interaction
terms, 𝑆̄𝑆16 𝑜𝑜𝑜𝑜 𝑆̄𝑆26 . First we need to calculate the axial and transverse stiffness of the
lamina:

𝐸𝐸1 = �𝑓𝑓𝐸𝐸𝑓𝑓 + (1 − 𝑓𝑓)𝐸𝐸𝑚𝑚� = 0.65(350) + 0.35(4) = 228.9 GPa 

𝐸𝐸2 = �
𝑓𝑓
𝐸𝐸𝑓𝑓

+
(1 − 𝑓𝑓)
𝐸𝐸𝑚𝑚

�
−1

= �
0.65
350

+
0.35

4
�
−1

≈ 11.19 GPa 

From Datasheet: 𝑆̄𝑆16 = (2𝑆𝑆11 − 2𝑆𝑆12 − 𝑆𝑆66)𝑐𝑐3𝑠𝑠 − (2𝑆𝑆22 − 2𝑆𝑆12 − 𝑆𝑆66)𝑐𝑐𝑠𝑠3 

𝑆𝑆11 =
1
𝐸𝐸1

=
1

228.9
 GPa−1 

𝑆𝑆22 =
1
𝐸𝐸2

=
1

11.19
 GPa−1 

𝑆𝑆12 = −
𝜈𝜈12
𝐸𝐸1

= −
0.3

228.9
GPa−1 

𝑆𝑆66 =
1
𝐺𝐺12

=
1

3.5
 GPa−1 

The figure below shows 𝑆̄𝑆16 as a function of the fibre inclination angle. It can be seen that 
a large shear strain is predicted at 30°. 𝑆̄𝑆16 is zero at 0° and 90° as expected, but at 
intermediate angles the effect can be pronounced. 

(b) (i)
𝜈𝜈12
𝐸𝐸1

=
𝜈𝜈21
𝐸𝐸2

⇒
0.3

228.9
=

𝜈𝜈21
11.19

⇒ 𝜈𝜈21 ≈ 0.015

1 − 𝜈𝜈12𝜈𝜈21 = 1 − (0.015 × 0.3) ≈ 0.9955 

Calculate [Q] in principal material axes (1, 2) 

𝑄𝑄11 =
𝐸𝐸1

1 − 𝜈𝜈12𝜈𝜈21
=

228.9
0.9955

= 229.91 GPa 

𝑄𝑄22 =
𝐸𝐸2

1 − 𝜈𝜈12𝜈𝜈21
=

11.19
0.9955

= 11.24 GPa 
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𝑄𝑄12 =
𝜈𝜈12𝐸𝐸2

1 − 𝜈𝜈12𝜈𝜈21
=

0.3 × 11.2
0.9955

= 3.37 GPa 

𝑄𝑄66 = 𝐺𝐺12 = 3.5 GPa      𝑄𝑄16 = 𝑄𝑄26 = 0 

[𝑄𝑄] = �
229.91 3.37 0

3.37 11.24 0
0 0 3.50

�  GPa 

(ii) To estimate the laminate extensional stiffness [A], first we need to calculate the
transformed stiffness matrix [𝑄𝑄] of the three plies in the global x-y axes.

The transformed lamina stiffness matrix [𝑄𝑄] for the 0° plies is given by 

[𝑄𝑄] = �
229.91 3.37 0

3.37 11.24 0
0 0 3.50

�  GPa 

The transformed stiffness matrix for the +60° plies is given by 

�𝑄𝑄11�60°
= 229.91 𝑐𝑐4 + 11.24 𝑠𝑠4 + 2(3.37 + 2 × 3.50)𝑠𝑠2𝑐𝑐2 = 24.58 GPa

�𝑄𝑄12�60°
= (229.91 + 11.24 − 4 × 3.50)𝑠𝑠2𝑐𝑐2 + 3.37(𝑐𝑐4 + 𝑠𝑠4) = 44.70 GPa

�𝑄𝑄22�60°
= 229.91 𝑠𝑠4 + 11.24 𝑐𝑐4 + 2(3.37 + 2 × 3.50)𝑠𝑠2𝑐𝑐2 = 133.92 GPa

�𝑄𝑄16�60°
= (229.91 − 3.37 − 2 × 3.50)𝑐𝑐3𝑠𝑠 − (11.24 − 3.37 − 2 × 3.50)𝑐𝑐𝑠𝑠3

= 23.48 GPa 
�𝑄𝑄26�60°

= (229.91 − 3.37 − 2 × 3.50)𝑐𝑐𝑠𝑠3 − (11.24 − 3.37 − 2 × 3.50)𝑐𝑐3𝑠𝑠

= 71.20 GPa 
�𝑄𝑄66�60°

= (229.91 + 11.24 − 2 × 3.37 − 2 × 3.50)𝑠𝑠2𝑐𝑐2 + 3.50(𝑠𝑠4 + 𝑐𝑐4)

= 44.83 GPa 
where 𝑐𝑐 = 𝑐𝑐𝑐𝑐𝑐𝑐60° = 1

2� , 𝑠𝑠 = 𝑠𝑠𝑠𝑠𝑠𝑠 60° = √3
2�

�𝑄𝑄�
60°

= �
24.58 44.70 23.48
44.70 133.92 71.20
23.48 71.20 44.83

�  GPa 

The transformed lamina stiffness matrix [𝑄𝑄] for the -60° plies is given by 

�𝑄𝑄�
−60°

= �
24.58 44.70 −23.48
44.70 133.92 −71.20
−23.48 −71.20 44.83

�  GPa 

The shear coupling terms (terms with subscripts 16 and 26) for the +60° plies have the 

opposite sign for the corresponding terms for the -60° plies. 

�𝑄𝑄16�60°
= −�𝑄𝑄16�−60°

�𝑄𝑄26�60°
= −�𝑄𝑄26�−60°

[3 points]



Set  t (=0.25 310−× m) for lamina thickness 

𝐴𝐴11 = ��𝑄𝑄11�0 + �𝑄𝑄11�+60 + �𝑄𝑄11�−60� ⋅ 2 ⋅ 12 ⋅ 𝑡𝑡 = [229.91 + 24.58 + 24.58] ⋅ 24𝑡𝑡

= 1674.45 MN m−1 

𝐴𝐴12 = ��𝑄𝑄12�0 + �𝑄𝑄12�+60 + �𝑄𝑄12�−60� ⋅ 2 ⋅ 12 ⋅ 𝑡𝑡 = [3.37 + 44.70 + 44.70] ⋅ 24𝑡𝑡

= 556.62 MN m−1 

𝐴𝐴22 = ��𝑄𝑄22�0 + �𝑄𝑄22�+60 + �𝑄𝑄22�−60� ⋅ 2 ⋅ 12 ⋅ 𝑡𝑡

= [11.24 + 133.92 + 133.92] ⋅ 24𝑡𝑡 = 1674.45 MN m−1 = 𝐴𝐴11 

𝐴𝐴16 = ��𝑄𝑄16�0 + �𝑄𝑄16�+60 + �𝑄𝑄16�−60� ⋅ 2 ⋅ 12 ⋅ 𝑡𝑡 = [0 + 23.48 − 23.48] ⋅ 24𝑡𝑡 = 0

𝐴𝐴26 = ��𝑄𝑄26�0 + �𝑄𝑄26�+60 + �𝑄𝑄26�−60� ⋅ 2 ⋅ 12 ⋅ 𝑡𝑡 = [0 + 71.20 − 71.20] ⋅ 24𝑡𝑡 = 0

𝐴𝐴66 = ��𝑄𝑄66�0 + �𝑄𝑄66�+60 + �𝑄𝑄66�−60� ⋅ 2 ⋅ 12 ⋅ 𝑡𝑡 = [3.50 + 44.83 + 44.83] ⋅ 24𝑡𝑡

= 558.92 MN m−1 

[𝐴𝐴] = �
1674.45 556.62 0
556.62 1674.45 0

0 0 558.92
�  MNm−1 

Since 𝐴𝐴16 = 𝐴𝐴26 = 0, the laminate is balanced. This means that the laminate as whole 

does not exhibit any tensile-shear interactions which result in in-plane distortion of the 

laminate, i.e. a normal strain does not induce a shear stress resultant. Similarly a shear 

strain does not induce a direct stress resultant. 

(iii) 

�
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾xy
� = [𝐴𝐴]−1 �

𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
𝑁𝑁xy

� 
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𝑃𝑃𝑃𝑃𝑑𝑑2

4
= (𝜋𝜋𝑑𝑑𝑑𝑑)𝜎𝜎 = 𝜋𝜋𝜋𝜋𝜋𝜋 ⇒ 𝑁𝑁𝑥𝑥 = 𝑁𝑁𝑦𝑦 =

𝑃𝑃𝑃𝑃
4

∴ 𝑁𝑁𝑥𝑥 = 𝑁𝑁𝑦𝑦 = 7.5 MN m−1 (𝑑𝑑 = 3 m, 𝑃𝑃 = 10 MPa) 

𝑁𝑁𝑥𝑥𝑥𝑥 = 0 

�
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝛾𝛾xy
� = [𝐴𝐴]−1 �

𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
0
� 

[𝐴𝐴] = �
1674.45 556.62 0
556.62 1674.45 0

0 0 558.92
�  MNm−1 

�
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦� = [𝐴𝐴]−1 �

𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
�=

1
𝐴𝐴11𝐴𝐴22 − 𝐴𝐴12𝐴𝐴21

� 𝐴𝐴22 −𝐴𝐴12
−𝐴𝐴21 𝐴𝐴11

� �
𝑁𝑁𝑥𝑥
𝑁𝑁𝑦𝑦
�

=
1

(1674.45)2 − (556.62)2
�1674.45 −556.62
−556.62 1674.45� �

7.5
7.5� = 

𝜀𝜀𝑥𝑥 = 𝜀𝜀𝑦𝑦 =
1

(1674.45)2 − (556.62)2
[1674.45 − 556.62] × 7.5 ≈ 3.36 × 10−3 

Vessel expands equally in all directions (i.e. remains a sphere). 

3.36 × 10−3 =
∆𝑑𝑑
𝑑𝑑𝑜𝑜

=
∆𝑑𝑑
3

 ∴ ∆𝑑𝑑 ≈ 0.0108 m = 10.8 mm [6 points]
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Examiner’s comments on questions 
 
Question 1: Elastic Deformation  
Part (a) appeared to be the most challenging section of this question. Several candidates did 
not use the tensile-shear interaction terms and failed to use a plot to support their answers. Part 
(b)(i) was generally answered very well, as expected. Part (b)(ii) was also answered well 
overall, though a significant number of students made numerical errors when calculating the 
elements of the laminate extensional stiffness with a common mistake the use of incorrect total 
laminate thickness. Several candidates stated wrong units, and provided insufficient detail 
when commenting on the form of the stiffness matrix. In Part (b)(iii), the main issue was 
calculating correctly the direct stress resultant N for the spherical vessel. Some candidates 
incorrectly used different values for Nx and Ny, while others mistakenly used the stress tensor 
instead. 
 
Question 2: Crack Growth  
Part (a) generally lacked full or clearly explained answers. Part (b) was answered reasonably 
well, though the main issues again stemmed from numerical errors. Common mistakes included 
incorrect estimation of the effective elastic moduli, with many candidates mistakenly 
concluding that they are equal, and errors in calculating the mode mixity ψ. A few candidates 
didn’t use half the crack length in their calculations. Additionally, some incorrectly applied the 
total strain energy release rate Gc value separately to KI and KII, and estimated the stress for 
each mode individually rather than using the combined value. 
 
Question 3: Practical Design  
Almost all candidates struggled with this question. The main difficulty was with part (a), which 
impacted their ability to solve part (b). Candidates had trouble determining the longitudinal 
shear force per unit length of the web, q, and consequently the shear line load ((a)(ii)). Those 
who managed to complete part (a) were generally able to make progress in part (b), although 
not all had time to estimate the maximum load the beam could support without failing. Part (c) 
was answered well. For many candidates, it was evident that this was their final question and 
that they were running out of time. 
 
Question 4: Laminate Loading  
Part (a) was answered well. In part (b)(i), surprisingly, several candidates did not use the correct 
formula for the torque in a tube, despite it being included in the practicalities handout and used 
in the coursework. Part (b)(ii) was generally well attempted, however, a number of candidates 
did not complete the question, likely due to time constraints. 
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