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Module 4C9
CONTINUUM MECHANICS

Answer not more than two questions.
All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is indicated
in the right margin.

Write your candidate number not your name on the cover sheet.
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Single-sided script paper
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CUED approved calculator allowed
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the exam.

You may not start to read the questions printed on the subsequent
pages of this question paper until instructed to do so.

You may not remove any stationery from the Examination Room.
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1 A slender cantilever beam is inclined at an angle 6 to the horizontal, as shown in
Fig. 1. The beam has length L, depth D and out-of-plane width B. The position of a
material point on the mid-plane of the beam is X = xje; +xpe,. The loading is provided by
self-weight and a vertical tip force of magnitude P, in the directions shown in the figure.
Infinitesimal deformations can be assumed.

(a) The beam is manufactured from a graded linear elastic material with density p(x)
and Young’s modulus E(x) that vary with distance x| along the beam.

(i)  Show that the displacement field for the mid-plane can be approximated by

d
u(xy,x) =wey + (h - —sz) e,
dx1

where 4 (x7) and w (x1) are the displacements of points on the centre-line of the
beam in directions e; and ep, respectively.

(i1)) Explain why the elastic strain energy density at a point depends only on the
stress component o1 and the strain component 1.

(iii) Hence, use the method of minimum potential energy to derive governing
equations for the centre-line deflections 4 (x;) and w (x1), and for the boundary
conditions. A solution for the deflected shape is not required.

(b) The beam is instead manufactured from a spatially uniform linear viscoelastic
material with density p and relaxation modulus E,(t) = Egexp (—Egt/n).

(1)  Explain briefly what is meant by the correspondence principle.

(i) Using the correspondence principle, derive an expression for the time-
dependent axial deflection at the tip of the cantilever, & (L, t).
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Fig. 1
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2 (a)  Alinear elastic body with Young’s modulus E and Poisson’s ratio v undergoes
infinitesimal deformation. The displacement field u(x), where the position x = x;e;, has

components
up = — (axy + bxy) x3,
uy = — (bxy + cxp) x3,
1 %
uz =3 ax% + 2bxxy + cx% + 1—(a + c)x% ,
—v

where a, b and c are constants. Prove any requirements on a, b and ¢ to ensure that:

(i) the deformation is compatible; and

(i1) the body is in equilibrium in the absence of body forces.

(b) Consider a body with reference configuration Q and a current configuration Q. The
deformation gradient is F and its determinant J = det F.

(i) ShowthatVgQ = F TVq, where Q is a scalar field on a reference configuration
and g is its push-forward to the spatial configuration.

(ii) Consider a vector V on the reference configuration. If the push-forward to the
spatial configuration is given by v = J “lfv, divergences of the vector fields are
preserved, i.e. /90 VoV dQy = fg Vv dQ. Use this result to find the relationship
between the outward unit normal vectors to () and to Q.

(iii) Prove that fo, VoV dQ = J Vv dQwhenv = J"'FV.

Hint: start with /Q(V -v)q dQ, where ¢ is a differentiable function that goes to zero
on the boundary of Q.
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3 (a) Consider a triangle in the reference configuration with vertices v; = (0,0),
v = (1,0), #3 = (0,1). Under a transformation the vertices map to v{ = (0,0),
vo = (2,0), v3 = (2,2). The deformation gradient, F, is constant.

(1)  Sketch the two configurations and give the deformation map ¢(X). [20%]
(i) By geometric arguments alone, give det F. [10%]
(iii) Compute the deformation gradient. [10%]

(iv) Consider two vector fields, W; and W, on the reference configuration. On
the edge V,—V3, W, is tangential to the edge and W, is normal to the edge. Apply
the transformations w(!) = (det F)"'FW and w? = FTW, which are both
push-forward transformations, to W; and W, at a point on the ¥,—03 edge. [20%]

(v)  Sketch the vectors W, and W, at a point on the V>,—V3 edge, and on the spatial
configuration for the w (D and w®? push-forward transformations. Comment on any

significant features. [10%]

(b) What properties make a constitutive model hyperelastic? ~Comment on any
requirements on the kinematic quantities that a constitutive model may depend on. [10%]

(c) Derive the expression for the material time derivative of a scalar quantity on the
current configuration, and use this to prove that conservation of mass requires that
0p/ot +V - (pv) =0, where p is the density and v is the velocity.

Note: J = JV - v. [20%]

END OF PAPER
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Data sheet

Indicial notation
A repeated index implies summation
a = aje; a-b=ab;
c=axb can be written as ¢; = gjjia by
A =a @ b can be written as 4;; = a;b;
Kronecker delta:  6j;=1fori=}, and &j;=0for i= j
Note that 5IJ =€ 'Ej
Permutation symbol: Gijk =1 when i, j,k are in cyclic order
Gijk =-1 when i, j,k are in anti-cyclic order
ejjk =0 when any indices repeat
e—o identity:  ejjkeing =S jpdkq —PjgSkp
grad¢ =V = gje;
divv=V.v= Vi,i
curlv =V xv =gV j;

Gauss’s theorem (the divergence theorem):
4 s

Stokes’s theorem:



Isotropic linear elasticity
EqUIllbrIum 0ij,j + bi =0 , 0;j = 0j;

Compatlblllty Eij,kp + Ekp,ij - gpj,ki - Eki,pj =0

. - . . _ B VE B
Constitutive relationships:  o;; = o) U + RESICE) ek Oij
R . N _ E _ VE
Lame’s constants: pu =G = AT ey
The strain energy density U is given by: g;; = %
ij

At equilibrium, the potential energy IT is minimised. Hence, for any small
kinematically admissible perturbation du; :

ST = f 5UdV—f thuidS—fbiSuidV =0
S

Definitions: o;; is the stress tensor, &;; is the infinitesimal strain tensor, b; is the body
force vector, t{ is the external traction vector and wu; is the displacement vector.

Isotropic linear viscoelasticity

Relaxation modulus, E,.(t):

if e(t) = e,H(t) , where H(t) = {‘1) ‘iig  then o(t) = goE,.(t)

Creep compliance, J.(t):

if o(t) = o,H(t) , where H(t) = {‘1) ‘iig  then &(t) = o], (t)

The Laplace transforms of E,.(t) and J.(t) are related by: E,(s) J.(s) = siz

Boltzmann superposition principle in 1D:

()—f—E (t —1)dt

e()—f 000, (¢ — e

Correspondence principle: in the Laplace domain, the viscoelastic solution
corresponds to the elastic solution, with the substitution E — sE,(s), v — sv,(s)
(for any time-dependent moduli).



