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2 b i
∂f

∂xi
=

∂f

∂Xk

∂Xk

∂xi
= F−1

ki

∂f

∂Xk

= F−T∇0f

ii
∂ui
∂xj

=
∂ui
∂Xk

∂Xk

∂xj
=

∂ui
∂Xk

F−1
kj = (∇0u)F

−1

iii ∫
Ω0

∇0 · (JF−T )dV =

∫
∂Ω0

JF−TNdS

=

∫
∂Ω

nds

=

∫
Ω
(∇ · I)nds

= 0

This must hold for any domain, therefore can be localised and integrals removed, proving
the result.

iv

∂ [JF−1v]i
∂Xi

=
∂JF−1

ik vk
∂Xi

=
∂JF−1

ik

∂Xi

vk + JF−1
ik

∂vk
∂Xi

=
∂JF−T

ki

∂Xi︸ ︷︷ ︸
0

vk + JF−1
ik

∂vk
∂Xi

= J
∂Xi

∂xk

∂vk
∂Xi

= J∇ · v

v

∂ [JAF−T ]i
∂Xi

=
∂JAikF

−T
kj

∂Xj

=
∂JF−T

kj

∂Xj︸ ︷︷ ︸
0

Aij + JF−T
kj

∂Aik

∂Xj

= J
∂Xj

∂xk

∂Aik

∂Xj

= J∇ ·A

c Requires ∇ ·P = J∇ · σ. Above result implies P = JσF−T .
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3 a Shape is a unit square undergoing pure shear in the e1-direction.

F =

[
1 α
0 1

]

E =
1

2

[
0 α
α 0

]
b i

E = (1/2)(UTRTRU − I) = (1/2)(UTU − I)

by orthogonality of the rotation tensor. Therefore the strain tensor depends on the stretch
only.

ii Eigenvalues of a tensor/matrix do not change under a rotation.

iii

E = (1/2)(UTU − I)

= (1/2)(
∑
i

λ2
iui ⊗ ui − I)

were λi and ui are the eigenvalues and eigenvectors of U. Note the UT = U and multipli-
cation changes the eigenvalues but not the eigenvectors.

iv The eigenvalues are the ‘principal stretches’, i.e. the ratio by which a fibre aligned with
a particular eigenvector is stretched. The eigenvectors of U are the stretch directions in
the material configuration. The eigenvectors of U are the stretch directions in the spatial
(current) configuration.

v For an incompressible problem, detF = det(RU) = detRdetU = 1. detR = 1 since R
is a rotation, hence detU = 1 must hold. This requires that λ1λ2λ3 = 1.

vi

V = RURT

= R

∑
i

λiui ⊗ ui

RT

=
∑
i

λiRui ⊗Rui)

=
∑
i

λivi ⊗ vi),

therefore vi = Rui.

F = RU

=
∑
i

λiRui ⊗ ui

=
∑
i

λivi ⊗ ui
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