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1 A prefabricated prestressed concrete beam has an inverse T-shaped cross section as
shown in Fig. 1. The beam is supported by two rectangular reinforced concrete columns
with a reinforcement layout as specified in Fig. 2.

(a) The beam is loaded by a sagging moment which varies between 30 kNm and
200 kNm.

(i) Determine the position of the centroid, the second moment of area, and the
elastic moduli for the top and bottom fibre (the effect of the small area of the
prestressing tendon can be ignored). [10%]

(ii) If the prestressing tendon carries an effective prestress of 800 MPa, determine
the top and bottom fibre stresses under the applied moments. The tendon has an
area of 1000 mm2. [10%]

(iii) If the permissible stresses in the concrete are 12 MPa in compression and
1 MPa in tension, draw a Magnel diagram and determine the maximum permissible
prestress if the tendon could be placed anywhere in the section. [25%]

(iv) Is it possible to fit the tendon into the section if exactly 60 mm cover must
be left between the centre of the tendons and the bottom edge of the beam? If so,
suggest a corresponding prestress force. If not, which design choices are available
to satisfy this requirement? [15%]

(b) The column has a design concrete compressive strength 𝑓𝑐𝑑 of 25 MPa and all
longitudinal reinforcement has a diameter of 20 mm, a design yield strength 𝑓𝑦𝑑 of
400 MPa and Young’s modulus of 𝐸𝑠 = 200 GPa.

(i) Determine the maximum axial load 𝑃0 the column can withstand under a
centric uni-axial compression loading. [5%]

(ii) Determine the maximum bending moment 𝑀0 the column can withstand under
uni-directional bending around the x-x axis. Start your calculations assuming the
neutral axis runs through the centroid of the compression reinforcement. [20%]

(iii) Sketch an interaction diagram for this column using the above calculated
capacities (there is no need to calculate any additional points on the diagram).
Comment on what the different zones of the diagram represent. [15%]
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2 (a) Explain the basic principles of limit state design and discuss the importance
of limit states to the safety and whole life performance of concrete structures. [10%]

(b) Codified design sets minimum performance criteria, allowing designers to produce
materially inefficient structures. How might this be addressed in the design of concrete
structures, to ensure that we consume enough material, and no more. [20%]

(c) A factory in Bristol produces precast reinforced concrete beams for use in building
construction. The beams have a span of 10 m. The flexural strength of the beam (including
self weight) has a mean value of 100 kNm and coefficient of variation of 0.15. When
placed in a building, they are loaded at mid span by a single point load 𝑃 which has a mean
value of 10 kN and coefficient of variation of 0.15. At ULS, the material partial safety
factor 𝛾𝑚 = 1.5 and the load partial safety factor 𝛾 𝑓 = 1.4. Both load and resistance are
initially assumed to be normally distributed.

(i) Determine the 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 load effect and 𝑑𝑒𝑠𝑖𝑔𝑛 load effect. [10%]

(ii) Determine the 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 bending strength and 𝑑𝑒𝑠𝑖𝑔𝑛 bending strength
of the beam. [10%]

(iii) Would this beam be considered safe in flexure? [5%]

(iv) Determine the reliability index 𝛽 and the probability of failure in bending for
this beam. [30%]

(v) The design is altered such that the characteristic strength against applied load
is exactly equal to the characteristic value of the maximum load applied during the
design life of the structure. Calculate a revised probability of failure and comment
on your results. [15%]
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3 (a) A reinforced concrete sway frame structure built in 1960 in Birmingham is
to be extended and refurbished. In order to justify retaining the existing structure, an
assessment must be made of the likely future lifespan of the existing concrete frame
from the effects of carbonation. All elements in the frame have a cover to reinforcement
of 20 mm. In 2020, cores were taken from an uncracked section of the frame and a
phenolphthalein indicator solution was applied. On average, 14 mm of the core was clear,
and the remaining region turned a deep pink colour. Critical threshold for the depassivation
of steel is assumed to be when 𝑝𝐻 = 12.

(i) The design team propose that the retained structure should resist the effects
of corrosion for a further 60 years (from 2020). By estimating the age at which
corrosion of the steel will be first initiated, determine if their ambition is achievable.

[40%]

(ii) What other factors affect the time to initiation and rate of corrosion? [15%]

(b) What role does the reuse of concrete assets play in tackling climate change? [25%]

(c) What are the key considerations for a designer who is considering extending the life
of an existing asset? [20%]
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Module 4D7: Data Sheet 

Ultimate limit states 

For STR and/or GEO it shall be verified that: 

 (1) 

The design value of the effect of actions, Ed, is given by: 

 (2) 

Material partial factors are normally γs = 1.15 for steel and γc = 1.5 for concrete; 
Partial factors on actions are normally γG,j = 1.35 and γQ,1 = 1.5. 

Serviceability limit states 

It shall be verified that: 

 (3) 

The characteristic combination is: 

 (4) 

The frequent combination is: 

 (5) 

Probability of failure 

Design values of actions: 

 (6) 

 (7) 

 (8) 

Where Fd is the design value; γf is the partial safety factor; Fk is the characteristic 
value, μs is the mean value, σs is the standard deviation, and CoV is the coefficient 
of variation. 

Design values of product properties: 

 (9) 

 (10) 

 (11) 

Where Xd is the design value; γm the partial safety factor; Xk the characteristic value, 
μR the mean value, σR the standard deviation, and CoV the coefficient of variation. 

Ed ≤ Rd

Ed = E

⎧⎨
⎩
∑
j≥1

γG,jGk,j“ + ”γpP“ + ”γQ,1Qk,1“ + ”
∑
i>1

γQ,iψ0,iQk,i

⎫⎬
⎭

Ed ≤ Cd

Ed = E

⎧⎨
⎩
∑
j≥1

Gk,j“ + ”P“ + ”Qk,1“ + ”
∑
i>1

ψ0,iQk,i

⎫⎬
⎭

Ed = E

⎧⎨
⎩
∑
j≥1

Gk,j“ + ”P“ + ”ψ1,1Qk,1“ + ”
∑
i>1

ψ2,iQk,i

⎫⎬
⎭

Fd = Fkγf

Fk = μs + 1.645σs

σs = CoV × μs

Xd =
Xk

γm

Xk = μR − 1.645σR

σR = CoV × μR
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Reliability index, β 
 (12) 

Probability of failure: 

 (13) 

Where Φ is the standard normal cumulative distribution function. 

The difference between two normally distributed variables is itself normally 

distributed, with mean equal to the difference of the means, and variance the sum of 

the squares of the standard deviations.  

Durability considerations 

Uniaxial diffusion into a homogenous material: 

 (14) 

Solution: 

 (15) 

 (16) 

Table of erf(z) 
z 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 ∞ 

erf(z) 0 0.11 0.22 0.33 0.43 0.52 0.60 0.68 0.74 0.80 0.84 0.88 0.91 0.93 0.95 0.97 1.00 

 

Deflections 

Interpolated curvature: 

 (17) 

Where α is a deflection, α| and α|| are the values for the uncracked and fully cracked 
conditions, ζ is a distribution coefficient: 

 
(18) 

Where σsr is the stress in the tension reinforcement calculated on the basis of a 
cracked section under the loading conditions causing first cracking; σs is the stress in 
the tension reinforcement calculated on the basis of a cracked section; β = 1.0 for 
single short term loading and β = 0.5 for sustained loads or many cycles of repeated 
loading. 

β =
μR − μs√
σ2
R + σ2

s

Pf = Φ(−β)

∂C

∂t
= D

∂2C

∂x2

Cx = C0 [1− erf (z)]

z =
x

2(Dt)0.5

α = ζα|| + (1− ζ)α|

ζ = 1− β

(
σsr

σs

)2
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ULS Flexure 

A doubly reinforced concrete section when flexural strength is reached is shown in 

Figure 1. It is usual to assume that failure occurs when the extreme fibre compressive 

strain in the concrete reaches a limiting value of 0.0035. Forces are found by 

equilibrium of the section. 

 
Figure 1 

 fck 50 MPa 50 MPa < fck 90 MPa 

λ 0.8 0.8 – (fck -50)/400 

η 1.0 1.0 – (fck -50)/200 

ULS Shear and Torsion 

For unreinforced webs at ULS: 

 (19) 

  

 
γ
ρ ρ

 

For reinforced webs at ULS: 

 (20) 

 (21) 

 αcw = 1 for non-prestressed structures 
ν ν

 

The shear stress in a wall of a section subject to pure torsion: 

 (22) 

τt,i = torsional stress in wall i; tef,i = effective wall thickness (= total area of cross 
section / outer circumference), Ak = area enclosed by centrelines of the walls 
including inner hollow areas. 

VRd,c =

[
0.18

γc
k (100ρ1fck)

1
3 + 0.15σcp

]
bwd

≥ (vmin + 0.15σcp) bwd

VRd,s =
Asw

s
zfywdcotθ

VRd,max = αcwbwzν1fcd/ (cotθ + tanθ)

τt,itef,i =
TEd

2Ak
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Prestressed concrete 

Elastic analysis: compression is positive. Eq.(23) applies for both top and bottom 

fibres since Zi has sign: 

 (23) 

To design prestress, stress inequalities take the form: 

 (24) 

For fibre 1 (top): 

 (25) 

For fibre 2 (bottom): 

 (26) 

σ =
P

A
+

Pe

Zi
− M

Zi

fc ≥ P

A
+

Pe

Z
− M

Z
≥ ft

−Z1

A
+

fcZ1

P
+

M

P
≤ e ≤ −Z1

A
+

ftZ1

P
+

M

P

−Z2

A
+

fcZ2

P
+

M

P
≥ e ≥ −Z2
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+

ftZ2
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+

M
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Cumulative normal distribution function 

 
 



4D7 2022 
Numerical Answers 
 
1(a)(i) 
Centroid = 233.33mm from base 
I = 5.4 x 109 mm4 
Z1 = -1.47 x 107 mm3 

Z2 = 2.31 x 107 mm3 
 
1(a)(ii) 
Maximum Moment: 
stop = 10.78 MPa 
sbase = 0.41 MPa 
Minimum Moment: 
stop = -0.76 MPa 
sbase = 7.76 MPa 
 
1(a)(iii) 
Pmax = 1352 kN 
 
1(b)(i) 
P0 = 2820 kN 
 
1(b)(ii) 
M0 = 98 kNm 
 
2(c)(i) 
Fk = 31.2 kNm 
Fd = 43.6 kNm 
 
2(c)(ii) 
Xk = 75.3 kNm 
Xd = 50.2 kNm 
 
2(c)(iv) 
b = 0.9639 
Pf = 6.1 x10-7 
 
3(a)(i) 
t2 = 122 years (from 1960) 
 


