(Py1w + Paoti)
= i = ([ — KPy) 'KPyw
= z = Pllu_) + Plg’a — [Pll —|— Plg(I - KP22)71KP21]U_]

u =

—~

So
Fi(P(s),K(s)) =Tyz = P11 + Pia(I — KP22)71KP21

(b) Comparing with the formulation in the data sheet of the Hy optimal control problem

i-[21]. (i) me[2])

Ci=[11], C=[1 0]

we have

The matrices Ay, By, Ck in the state space realization of the controller are (from
the data sheet),

Bx =—-H

Ck=F

where F' = BI' X, H = YCI. Substituting the expressions given for X, Y we have
11—« 1
AK_[ —2a 1—04}’
BK:—H:—|:1:|C¥,
1
Ck=F=[11]a
(¢c) LQR problem. Comparing with the form in the data sheet, we have

A:{éiygzcﬂaRzLBzBmozq
Ugpt = —R'BT Xz
where X is the stabilising solution of the CARE in (b), and is hence as given in (b).

Optimal cost
Jopt = LU()X.TO = 2«

3



(d) In (b) we have an output feedback Hs optimal control problem, and the optimal
controller involves an observer to estimate the state, together with a state feedback
policy acting on the estimated state. The problem in (c), on the other hand, is
a state feedback optimal control problem that can also be formulated as an H,
optimal control problem.



4F'3 cribs

Questiont RZ_

(a) The value function is

h—1
Vix, k) = ukmin {xi + Z(x? - u?)}
i=k

where zj.1,...,2, is the sequence generated with inputs wug,...,up_1 given that
rr = x, i.e. it is the minimum remaining cost from step k onwards given that
xr = x. The dynamic programming equation is

V(z, k) = min {z* +u* + V(2441,k + 1)}
=min{z® + v’ + V(z +u k+1)}
(b) Substituting V (x, k) = g(k)z? into the dynamic programming equation we get
g(k)z; = min {2* + v* + g(k + 1)(z + u)*} (1)
Differentiate w.r.t. u and set equal to 0 to find the minimizing value of w, i.e.

2u+2g9(k+1)(x+u)=0

L zg(k + 1)
T T T gkt 1)
So
: 2 zg(k+1) 1° gk +1) 17
min {.} = o +[1+g(k3+1)] gk +1) {x_1+g(l€+1)}

2 2 $92(k+1) $29(k+1)
Ttk Qtgkr1)?

- (1 125

Hence from (1) we have

=X



g(h) = 1 since V(zp, h) = }
(3)

g
g(2):1—|—1+ (3)_1+1/2:3/2
_ 92 _ 3/2 _
g(l)f1+1+g(2) 1+1+3/2f1+3/5f8/5
_ g() 8/5  _ _
g(O)—1+1+g(1) 1+1+8/5 1+8/13=21/13

Minimum cost is V(zg,0) = 22 x 21/13 = 84/13

>
—_

J=2 4+ (2 +ad)
0

=~
I

Also the system under the transformation becomes
u%k+1 = Oéii‘k + Oéfbk

From the data sheet, or from the previous expressions with g(k + 1) replaced with
a?g(k + 1), we have
’L~Lk = —(1 + Oz2Xk+1)_loz2Xk+1i’k

where

Xk_l =1 + 062Xk — CYQXk<1 + Oé2Xk)_1042Xk
Oszk
=1+a*Xp (1 — —
+ a” X ( T 042X;€)
oz2Xk

=14+ —
+1+OZ2Xk

Furthermore,

2
" Xy 7
5
1 + CYQXpH_l
2
" X1

SU, = ———— T
‘ L+ a?Xpp
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