4F'3 cribs

Question 1

(a)
V(z,k) = min{c(z,u) + V(xg1, k+ 1)}

u

= min {c(z,w) + V(f(x) + g(u), k + 1)}
V(J?, h) = Jh(l’h)

V(z, k) is the value function, i.e. it is the minimum remaining cost from step k
onwards, given that x = x.

Significance: Can be used to derive analytical expressions for the optimal policy
(e.g. LQR problem). Can reduce the computational complexity when xy, u; take
discrete, finite values.

V(x,t) = muin {c(z,u)dt + V(z + dz,t + 6)} + O((6t))

= min {c(x, w)ot + V(x,t) + g—véx + a@—‘t/(it} + O((61)%)
u T

Hence

: ov ov )
0= min {c(a:, u)ot + %(555 + E(St} + O((0t)7)

= min < ¢( )+8_V.+8_V +O((5t)2)
T AT 9T T o 5t

Taking the limit 0t — 0 we get

_aa_‘t/ = muin {c(z,u) + g—‘;(f(ﬁ) + g(u))} )

V(T,z) = Jr(x)

Z(t) = aex(t) + e*i(t)
= az(t) + e™i(t)



[f(t) —ai(t)) e =—z+u
Hence
i(t) = (a — 1)E(t) + alt)

i.e. this is linear in Z, 4. Also ¢(x,u) = 7* 4+ @®. Hence the transformed
problem is an infinite horizon LQR problem.

The CARE for this problem is
1+2X(a—1)-X*=X*-2X(a—1)—-1=0
Hence

20 —1)+ /4(a—1)2+4
2
—a-1+/(@a—12+1

X =

X > 0 for a stabilising controller so choose

X=a—-1++(a—1)2+1

The controller is given by a(t) = —XZ(t), or u(t) = —Xx(t).



Question 2

(a)

Comparing with the formulation in the data sheet for an Hsy optimal control problem

we have
11 2 0
=[] m=[3] m=[0)

Ci=1[2 2], C=[10]

Substituting X in CARE we get
a B 11 10 a B 11 a B[00 a B
[55“01]*[11“55}*411}‘[55}_01“55}:0

Hence 2 23 11 1 1]
o o+
[a+2ﬁ 48 }*4{1 1}_5%1 1| =0

We therefore have

20 +4— 3 =0
a+28+4—-p*=0
48 +4—B*=0

Hence from the third equation we have

4++/1 1
BZ#ZQ:EQ@

and from the first equation we have

a:%(52—4):4(1i\/§):26

Substituting in FARE we get
Yy v |10 L1y L O U e e A B I S U I o e O
R R IR R IR IR

Hence 5
4y + 2y L1 o)1 1]_
[5+27 2 ]+4[1 1} 7[1 1}_0

Same equations as with CARE. Hence we have § = 2y =28 = a.

The matrices Ay, By, C in the state space realization of the controller are (from
the data sheet),

Ag = A— BoF — HCy
By =—H
Cx=F



where F' = BI X, H = YCZI. Substituting the expressions derived for X, Y we have

1-8 1
AK:[ 24 1—5}’

Ck=F=[11]p

The transfer function is

K(S) = CK(SI — AK)ilBK

LR S_(}l_ﬁ)}_l[}]eﬁ)

o —3? s—(1-0) -2 1
sl U S
_B)Es—1)

s—(1-B)P+28

B2(1 - 2s)

IR (N s

(d) Solve the Riccati equations specified in the data sheet for given v to find a controller
such that || Ty~ |lcc <. Use a bisection algorithm to find the minimum ~ for which
there exists a controller such that this H., bound holds.
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