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1. (a) V (0) = 0, V (x) > 0 for x 6= 0, ∃u = κ(x) such that V (Ax+Bu) ≤ V (x).

(b)(i)

V (x∗1) ≤ J(x∗1, ũ)

J(x∗1, ũ) = V (x0)− x∗T0 Qx∗0 − u∗T0 Ru0 − x∗TN Px∗N + x∗TN Qx∗N + x∗TN ATPAx∗N

= V (x0)− x∗T0 Qx∗0 − u∗T0 Ru0 + x∗TN (ATPA− P +Q)x∗N︸ ︷︷ ︸
0

= V (x0)− x∗T0 Qx∗0 − u∗T0 Ru0 ≤ V (x0)

(ii) (A+BK)TP (A+BK)− P = −Q−KTRK

(c)
∑∞

i=N1
xTi Qxi =

∑∞
i=N1

(
xTi Pxi − xiATPAxi

)
= limi→∞ xTN1

PxN1 + xTi Pxi = xTN1
PxN1 since

ρ(A) < 1

2. (a) (i) – (ii) –

(b)

H =


R 0 0 0
0 Q 0 0
0 0 R 0
0 0 0 P

 , h =


−Rus
−Qxs
−Rus
−Pxs

 , F =

[
B −I 0 0
0 A B −I

]
, f =

[
−Ax(k)− d
−d

]

G =

E 0 0 0
0 M E 0
0 0 0 MN

 , g =

−Mx(k) + b
b
bN


(c)

θ =

xsus
r̂

 , F =

[
(A− I) B 0
C D −I

]
, f =

[
−d
0

]
, G =

[
M E 0
MN 0 0

]
, g =

[
b
bN

]

H =

0
0

I

 , h =

 0
0
−r

 .
3. (a)(i) ‖y‖2 ≤ ‖G‖∞‖w‖2, ‖y‖2 =

√∫∞
−∞ y(t)T y(t) dt (energy in signal)

(ii) ‖G‖∞ = supω σ(G(jω)) (largest magnitude of the gain of the system over all frequencies)

(b) u = −BT
2 Xx = −

[
α−1/2

√
2α−3/4

]
x = −

[
(1− γ−2)−1/2

√
2(1− γ−2)−3/4

]
x.

(c) Use interval bisection.

(d)

[
C2

C2A

]
=

[
0 1
0 0

]
=⇒ not full rank so not observable.

4. (a)(i)f((1− α)x+ αy) ≤ (1− α)f(x) + αf(y), for α ∈ [0, 1]

[or equivalently, f(αx+ βy) ≤ αf(x) + βf(y), α ≥ 0, β ≥ 0, α+ β = 1],

(ii) Two points in a shape connected by straight line exiting shape.

(iii) Local = global minimum. Efficient solution.

(b) (i) X2 ≥ 0,

[
Q S
ST R

]
≥ 0.

(ii) u1 = −
[
1 7/5

]
x1.

(iii) xTX2x, 134.

(c) DLQR =⇒ apply whole input sequence, MPC =⇒ receding horizon: recompute sequence at
each time step.


