4F7: STATISTICAL SIGNAL ANALYSIS

S.S. Singh, Easter 2021
Question 1. Part (a-i)

Write in vector form to get X; — X; = AT(Y —m) — (X1 — by). Square both sides
and take the expectation to get

hsz,yh + (Zx,r>1,1 —2hT (Ey,w);,l
where (X, ;). ; denotes the first column of the matrix. Differentiate and set to 0 to get
Yyyh = (Zy,x)ﬂ

or

h = (Ey,y>_1 (Ey,x>:,1
Part (a-ii)

Substitute the h from previous part to get

WSy yh+ (Bew)yy — 207 (Sya). 4

= 1" (Bya). + (Zaw)yy — 207 (Bye),,
= (Zow)yy — b (Zya).y
= (Saw)yy = (Sye)ly (Su) ™ ().

Part (a-iii)

From the formulation of the previous parts a significant simplification is noted. Each
of the g-terms of the objective function can be solved separately to get the minimising
row ¢ of matrix H is the vector

h = [(Eyyy)_l (Ey,m);,i]T - [(ny)z} ' (Eya/)_l = (EL?J)L; (Ey,y)_l

Thus H = (Z,,) (Z,,) "
Part (b-i)

X =a*Xp 1+ W? + 20X, Wy
Noting that E (X;_1 W) = 0, we get 02 = a®02 + 02, and solve for a to get

IS

o
a®=1-—

[e=] V]

0,

Part (b-ii)
To find X, ., find the autocorrelation of Xj.
1
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E(XpXitm) = E(Xk [Wism + aWigm-1 + -+ @™ Wis +a™Xy])
which evaluates to a™o?. Now assemble the entries of Em to get (noting that the matrix
is symmetric)

[ o2 2 p—1 52 7
002 a020 2 . 20(2)
e
acy o0y aog al~“oj
2
L 99 |

Y, ..., Y] =[X1,...,X,]+[W,...,V,]. Thus
X1
S,y =E Co XX
X

p

which is the p x ¢ submatrix of ¥, , assuming p > ¢. (Marks will also awarded if it is
assumed p < q.)
Similarly Y = X + V and thus ¥, , is found as follows

E(YY") =E(XX") +E(VV") +E (XV") + E (VX7)
Cross terms have zero expectation. E (VVT) is a ¢ X ¢ diagonal matrix with entries

o2, E (XXT) is the submatrix of ¥, , using the first ¢ rows and columns. Thus

Sy = (Sea), + 02,
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Question 2. Part (a)

vy = v1(1 — a) + vab or avy = bus.

Ve = v1a + va(1 —a — b) + v3b or avy = bvs. Check avy = buy
vy = (a/b)k 1y

Sum by geometric series to solve for v,

=t
k=1
> an k—1
>Yul(p) -
k=1
V1 = 1-— 2

b

Part (b-i)
The update step:

7 (i) N exp(— i)

(i) = Z;’O:I Tn(7)Aj exp(—=Ajyn)

The prediction step:

Tnt1(J) = Z T (1)pi g
i=1

which gives 7,.1(j) = T(j — Da + 7T,(j)(1 —a —b) + 7,(j + 1)b for j > 1 and
Tn1(1) = T (1)(1 — a) + 7, (2)d.
Part (b-ii)

Bn(l) = p(yn:T|Xn = Z)
= Zp(yn:T7Xn+1 = j|Xn =)

J
= Zp<yn:T’Xn+1 = ju Xn = Z)p<Xn+1 = j’Xn = Z)
J

= Zp(yn\Xn = O)pYn+1:7[ Xnt1 = J)pi

J
i+1
= Z At exp(—=AiYn) Brg1(7)pij

j=i—1
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Part (b-iii)

. Pr(X,, = i|y1:0—1)Pp(Ynr| X0 = 1)
P =) = S B (X = Sl oyt X = )
_ (@)Ba(d)
2 m()Ba()
Marks will be awarded for a more detailed derivation of the first equality.
Part (c)

T

p(ajla Yiy-- - TT, yT‘xO) = p(xlzT‘xO) H )\xn eXp(_)\l‘nyn)
n=1
Take the log of the expression
T
log p(@1.7, y1.7|20) = log p(z1.7|m0) + T'log A — Azxnyn +C
n=1

where C' is a non-A term. Differentiate with respect to A\ and set to zero

T
1 1
X - ? TLZ:; TnlYn
Part (d)

The Expectation-Maximisation (EM) algorithm is comprised of the E-step and the
M-step. Let A denote the current best guess of parameter . Compute p(z,|y1.7), for
n=1,...,T with the current estimate \ and then compute the Q-function

Q(A) = Z Z p(@ilyr:r) log p(yilz:)

=1 z;=1

T oo
= Z Z p(@ilyrr) (log A — Az;y; + log ;)

=1 IEZ'ZI

T 00
=C+Tlog+ Z Z p(xilyrr) (—Aziy;)

=1 xizl
T

=C+Tlog\+ ZE {Xilyrr} (=Ays)
=1

=C+TlogA—\S

where C' is a non-\ term and

T
S = Z E{X:|y1.7} vi-
i—1
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The the M-step then maximises QQ(\) to get the new best estimate of A\. This is done
by differentiating to get
A=T/S.

This E-M steps are repeated until convergence of the estimate is observed.
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Question 3. Part (a)

Note that E(X,,) = o for all n. For unbiased estimation need E(X,,) = E(X,,) = 1o
or

A~

1t = LaE(X0 1) + KoE(Y,)
= Ln,UO + Knﬂ’()

which implies L, + K, = 1.
Part (b)-(i)

Let e, = X,, — )/(\'n
)?n - )?n—l + Gn(Yn - )?n—l)
€n = Xn - )?nfl - Gn(Yn - )?nfl)
=ep_1+ Wn - Gn(anl + Wn + Vn - )?nfl)
— e (1= Go) 4+ Wa(l = Gr) — GV
Part (b)-(ii)

Square it and take the expectation to get (noting cross terms have zero expectation):

E(e2) =E(e2_)(1 - Gn)* + 2 (1 — Gn)* + G2o2

n

Differentiating the right-hand side with respect to G,, and equating to 0 to solve for G,
yields:

2 2
On—1 + Ow

2 2 2°
Op—1 + Ow + Ty

G, =

When ag = 0 then Y,, = X,, and indeed G,, = 1 as required.
Part (c-i)

Using a previous part where it was found that

E(e?) =E(e2_)(1 — Gn)* + 02 (1 — Gn)* + G252,

n
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Substitute G, = ¢2_,/(02_, + ¢2) which gives

2 2 2 2
o2 = o2 Oy ) ( Op—1 o2
n -~ “n—1 2 2 2 2 v
On—1 + o On—1 + 0y
2 2 2 2
On _ 2 2 1 On—1
2 = 90100 | 3 5 ) T\ 2 T2
Uv O-nfl + Uv O-nfl Ov
2
g
— H2 2'0 + 1)
g
n—1
2
. Op—1
-1 + 0'12)

Part (c.ii)

The mean square error of the sample mean estimate is
1\ 1 i 2
o
E X, —— Y; =E — Vi =2
Part (c.iii)

From a previous part we have

2 2 2
Oy _ O—n—l/o_v

2T 2 2
Oy O-nfl/o-v + 1

Using 02 /0% = 1, we see that 0?/02 = 1/2 and thuse3/o? = 1/3. Assuming 02 /0% =

1/n and thus
02/0% = 1/(n+1).
This is slightly better than the mean square error of the sample mean estimate which
was found to have o2 /02 = 1/n.
Part (d)
When ai =0, G, = H,, i.e. H, is the best gain for a static signal.
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Question 4. Part (a)
p(a|zg—1) is N(zx; axg_1,1). The joint density is

10gp(1’1:k) = log (P(ﬂflfl’o) o 'p(l"k\ﬂﬁk—l))
= log p(z1]xo) + - - - + log p(zi|Tr—1)

k
1
— —5 Z(a:l — 06331;1)2 + C
=1
k

d
@ logp(l‘lzk) = ;(CL'Z - OélL‘i_l)Ii_l

where C' is the sum of the non-a terms. Differentiate and set to zero to solve for
maximising « which is

Zf:l Lili—1
Zle R
Part (b-i)
Using the cdf method, Pr (Vi < yi| X = xr) = Pr (Vi <y — |xx|). Differentiating
the cdf gives the pdf which is p(yk|zx) = f(yx — |xk|) where f is the pdf of Vj.

Part (b-ii)
The prediction step is

Pl = [ Moz, Dparlyns)doy
The update step is

(T |Yroers) = W1 — e )p(Trs1[y1:2)
TR I fWrsr = |zka )P (@hs1 |1 ) g

Part (c)

p@m>:/¢@Mumm@Mmmk
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Take the derivative of log p(y1.x) to get

1 d
p(y k) da (vt

d
o log p(y1.6) =

p(yl:k |$1:k)p(x1:k)dl’1:k

a4
da
1 d
- & |T1k) (718 dTy
P(Y1:%) /p<y1'k| Lk)dap( 1:k) AT 11

L d
- p(y1:x) p(ylzklxltk)p(%:wa log p(@1.)da 1
d
:/p(x1:k|y1:k)£1ng(x1:k)dx1:k

and thus q
h(xl:k) = alogp(xlk)

The importance sampling estimate is
Zz 1 h(Xi k:)wk

=0
Zij\; wk

with the specific form for h from previous parts substituted in.

Part (d-i)

Calculate E(h(X1)) to verify result:

(e

N
-2 |3 3ot

and the final term has the required mean.

Part (d-ii)
The importance sampling estimate with resampling is
N . .
D i1 9( X ) Wit
N .
D imt Wiy

where
w;i«H = ( Zwk> P(Yrt1 | Xk+1)

and X}, is a sample from p(zyi1 | X7) = NM(zp1|a X, 1).

—F (N—l Zwi) > h(X{,) Pr(Jy = j)]



Examiner's comments:

Q1: A popular question answered well by most. Some failed to realise that their
solution from part (a)-(i) could be used to inform their answer for part (a)-(iii). There
were some supprising outcomes like a small number of candidates not being able to
calculate the autocorrelation function for an AR(1) process needed in part (b)-(ii).

Q2: A popular question with many doing very well in parts (b) and (c). Part (a) was
not answered in full by a significant number eventhough they had executed the
equation for $v$ correctly.

Q3: This was a very well answered question although some did not know the
definition of an unbiased estimate, which is a Part ITA concept. Clearly the majority of
the students have mastered the relevant concepts well.

Q4: This was a well answered question in the main. Many were able to successfully
employ importance sampling for MLE estimate in part (c). The proof in part (d) was
also executed well. It was a surprise to see a small number struggle with the elementary
concept of part (b)-(i). But overall a clear increase in mastery of Importance Sampling
over the previous year.
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