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CONTROL & COMPUTATION IN LIVING SYSTEMS

Answer both questions in section A. Answer one question in section B.

All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is indicated

in the right margin.
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SECTION A

Answer both questions.

1 (a) Provide two reasons why membrane ion transport is important for sustaining
life in non-excitable cells. [10%]

(b) The Hodgkin-Huxley model of the squid giant axon can be written as follows:

§E = �6#0<3⌘(E � 4#0) � 6 =4(E � 4 ) � 6! (E � 4!) + �8=? (1)

g< (E) §< = <1(E) � < (2)

g⌘ (E) §⌘ = ⌘1(E) � ⌘ (3)

g= (E) §= = =1(E) � = (4)

where E denotes membrane potential, �8=? is injected current and the 6G , 4G are,
respectively, conductance densities (normalised to membrane capacitance) and reversal
potentials (in mV) of the di�erent ionic currents, Na (sodium), K (potassium) and L (leak).
The functions G1(E) and gG (E) are plotted in Fig. 1.

(i) Explain the significance and biological interpretation of the variables<, ⌘ and
=. [5%]

(ii) Sketch the evolution of the membrane potential and of <, ⌘ and = in response
to continuous current injection of su�cient amplitude to elicit repetitive action
potentials. [10%]

(iii) Sketch the response of the sodium and potassium conductance to a depolarising
voltage step starting from an initial value close to the equilibrium potential of the
membrane. [10%]

(iv) Referring to your sketch in (iii), plot the "early" and "late" components of the
membrane current as a function of depolarising voltage steps from an initial value
of �80 mV to values in the range [�80, 50] mV. [15%]

(v) Use your sketches in parts (ii-iv) to explain the form of the Fitzhugh-Nagumo
model:

§+ = 10(�+3/3 ++ � ' + �8=?) (5)

§' = 0.8(1.25+ � ' + 1.5) (6)

[20%]
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(c) Consider an integrate and fire model of a neuron in which membrane potential
evolves according to: 8>><

>>:
⇠ §+ = 6(+0 �+) if + < +thr

+reset  � + otherwise

(i) Suppose the membrane potential is subjected to a train of impulses separated
by a time interval, ) , each depolarising the membrane potential by an amplitude, �.
Derive a condition on � and ) for the membrane to reach threshold. [20%]

(ii) Suppose instead that the membrane is subjected to constant depolarising
current. Sketch the firing frequency as a function of current amplitude. How
does this relationship di�er from that of the Fizhugh-Nagumo model in question
1b(v)? [10%]

Fig. 1: plots of the voltage-dependent functions for the Hodgkin Huxley model in Question
1(b). Units of the gG (+) are ms.
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2 (a) Consider a discrete time model of di�usion as a 1D random walk, in which a
particle’s position, G=, randomly increments position by ±3 in each timestep, =.

(i) Derive expressions for the expected displacement,E(G=), and expected squared
displacement, E(G2

=), in the general case where there may be a bias between positive
and negative increments. You may state without proof formulae for the mean and
variance of the Binomial distribution. [15%]

(ii) Now suppose the probability of an increment of �3, +3 is equal and
independent for each component. Derive an expression for E(G)= G=) in the case
where G 2 RN has # components. [15%]

(iii) Discuss the implications of your answer to (i) for the speed of chemical
signalling within cells of di�erent sizes. [10%]

(b) In three dimensions the di�usion equation is:

m 5

mC
= ⇡r2 5 ; where r2 5 =

m2 5

mG2
1

+ m
2 5

mG2
2

+ m
2 5

mG2
3

.

(i) Assuming a radially symmetrical solution about the origin, rewrite the three
dimensional di�usion equation in terms of A , with A2 = G2

1 + G2
2 + G2

3. [30%]

(ii) By writing the radially symmetric solution in the form 5 (A, C) = \ (A,C)
A , show

that \ obeys a one dimensional di�usion equation. [30%]
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SECTION B

Answer one question.

3 Refer to the attached paper by Couzin et al (2011) Science.

(a) Summarise the aim, approach, findings and motivation of the paper in no more than
500 words. Provide an interpretation of the results and comment on any limitations of the
study. You may use diagrams if you wish. [60%]

(b) What is meant by a bifurcation in the context of a dynamical system? Describe the
saddle-node and pitchfork bifurcations, and any relevance they may have to Figure 2B of
Couzin et al. [40%]

4 Refer to the attached paper by Elowitz & Leibler (2000) Nature.

(a) Summarise the aim, approach, findings and motivation of the paper in no more than
500 words. Provide an interpretation of the results and comment on any limitations of the
study. You may use diagrams if you wish. [60%]

(b) Consider a simpler version of the system modelled in Box 1 of Elowitz & Leibler
with only one mRNA/protein species:

§< = �< + U

1 + ?= + U0

§? = �V(? � <)

where the symbols are defined in the paper. Would this simpler system be capable of
generating oscillations, theoretically? What factors might violate your prediction if the
system were experimentally implemented in a living cell? [40%]

END OF PAPER
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Uninformed Individuals Promote
Democratic Consensus in Animal Groups
Iain D. Couzin,1* Christos C. Ioannou,1† Güven Demirel,2 Thilo Gross,2‡ Colin J. Torney,1

Andrew Hartnett,1 Larissa Conradt,3§ Simon A. Levin,1 Naomi E. Leonard4

Conflicting interests among group members are common when making collective decisions,
yet failure to achieve consensus can be costly. Under these circumstances individuals may be
susceptible to manipulation by a strongly opinionated, or extremist, minority. It has previously
been argued, for humans and animals, that social groups containing individuals who are
uninformed, or exhibit weak preferences, are particularly vulnerable to such manipulative agents.
Here, we use theory and experiment to demonstrate that, for a wide range of conditions, a strongly
opinionated minority can dictate group choice, but the presence of uninformed individuals
spontaneously inhibits this process, returning control to the numerical majority. Our results
emphasize the role of uninformed individuals in achieving democratic consensus amid internal
group conflict and informational constraints.

Social organisms must often achieve a
consensus to obtain the benefits of group
living and to avoid the costs of indecision

(1–12). In some societies, notably those of eu-
social insects,making consensus decisions is often
a unitary, conflict-free process because the close
relatedness among individuals means that they
typically share preferences (11). However, in other
social animals, such as schooling fish, flocking
birds, herding ungulates, and humans, individual
group members may be of low relatedness; thus,
self-interest can play an important role in group
decisions. Reaching a consensus decision, there-
fore, frequently depends on individuals resolving
complex conflicts of interest (1–11, 13, 14).

There are several means of achieving group
consensus. In some cases, decisions made by one
or only a small proportion of the group dictate the
behavior of the entire group (4–6, 13, 14). There-
fore, a minority, or even a single individual, has
the potential to control or exploit the majority,
achieving substantial gains at the expense of
other groupmembers (1–6, 9, 10, 14). In contrast,
consensus can also be reached through demo-
cratic means, with fair representation and an out-
come determined by a plurality. Democratic
decisions tend to be more moderate, minimiz-
ing group consensus costs, particularly in large
animal groups (3). However, in the absence of
established procedures such as voting (8), it is
unclear how equal representation is enforced.

Consequently, for both human societies
(1, 2, 6, 9, 10, 14) and group-living animals
(6, 13), it has been argued that group decisions
can be subject to manipulation by a self-interested
and opinionated minority. In particular, previous
work suggests that groups containing individu-
als who are uninformed, or naïve, about the de-
cision being made are particularly vulnerable to
such manipulation (2, 9, 10, 13). Under this view,
uninformed individuals destabilize the capacity
for collective intelligence in groups (10, 14), with
poorly informed individuals potentially facilitat-
ing the establishment of extremist opinions in
populations (9, 14).

Here, we address the question of whether
and, if so, under which conditions a self-interested
and strongly opinionated minority can exert its
influence on groupmovement decisions.We show

that uninformed individuals (defined as those
who lack a preference or are uninformed about
the features on which the collective decision is
being made) play a central role in achieving dem-
ocratic consensus.

We use a spatially explicit computational
model of animal groups (15) that makes minimal
assumptions regarding the capabilities of indi-
vidual group members; they are assumed to
avoid collisions with others and otherwise exhibit
the capacity to be attracted toward, and to align
direction of travel with, near neighbors (5, 16).
We investigate the case of consensus decision-
making regarding a choice to move to one of two
discrete targets in space (thus, the options are
mutually exclusive).

The direction and strength of an individual’s
preference are encoded in a vector term w⇀ (di-
rected toward the individual’s preferred target).
Higher scalar values of w (equivalent to the
length of thew⇀ vector,w≡ |w⇀ |) represent a greater
conviction in, or strength of, individual preference
to move in the direction of the target and, thus,
also represent greater intransigence to social in-
fluence (5).We explore the case where there are
two subpopulations within the group—N1 and
N2, respectively—that have different preferred
targets. Because we are interested in determining
whether a minority can exploit a majority, we set
N1 > N2 for the simulation. The strengths of the
preference of the numerical majority and minor-
ity are represented by their respective w values,
w1 and w2. See (15) for details.

If the strength of the majority preference (w1)
is equal to or stronger than the minority pref-
erence (w2), the group has a high probability of
reaching the majority-preferred target (Fig. 1A)
(5). Yet increasing w2 (beyond w1) can result

1Department of Ecology and Evolutionary Biology, Princeton
University, Princeton, NJ 08544, USA. 2Max Planck Institute for
Physics of Complex Systems, Nöthnitzer Strasse, 01187Dresden,
Germany. 3School of Life Sciences, John Maynard Smith Build-
ing, University of Sussex, Falmer, Brighton BN1 9QG, UK. 4De-
partment of Mechanical and Aerospace Engineering, Princeton
University, Princeton, NJ 08544, USA.

*To whom correspondence should be addressed. E-mail:
icouzin@princeton.edu
†Present address: School of Biological Sciences, University
of Bristol, Woodland Road, Bristol BS8 1UG, UK.
‡Present address: Merchant Venturers School of Engineer-
ing, University of Bristol, Bristol BS8 1UB, UK.
§Present address: Department of Zoology, Downing Street,
University of Cambridge, Cambridge CB2 3EU, UK.
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Fig. 1. Spatial simulation of consensus decision-making in which individuals’ preferred direction,
weighted by their respective w (see main text), is directed toward their preferred target. (A) w1 = 0.3.
All individuals are informed with majority N1 = 6 and minority N2 = 5. As the minority increases its
preference strength, w2, it increasingly controls group motion. (B) In the presence of sufficient
uninformed individuals, the minority can no longer exploit the majority by increasing w2 (see fig. S2
for other values of N1 and N2). The ratio of the majority to all informed, N1/(N1 + N2), is shown as a
horizontal gray dashed line. The proportion reaching the majority target is calculated as the number of
times (from 20,000 replicates) the majority-preferred target is reached divided by the number of times
a (minority or majority) target was reached (i.e., only consensus decisions were evaluated; splitting was
infrequent; see fig. S5). w1 = 0.3. See (15) for details.
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in the minority gaining control and eventually
dictating group outcome (Fig. 1A and fig. S1). If
some individuals do not have relevant prior
information or are only weakly biased, however,
as is likely in many animal groups (5, 6, 13), then
groups can be considered to have a third sub-
population of N3 individuals with w3 ≈ 0. Now
when w2 is in the range where the minority
dictates the group outcome for N3 = 0, adding
uninformed individuals tends to return control
spontaneously to the numerical majority (Fig.
1B) (w2 = 0.4, 0.42). As N3 increases, this effect
reaches a maximum and then begins to slowly
diminish. Eventually, noise dominates and un-
informed individuals neither amplify a weak nu-
merical majority nor lend substantial support to
the minority.

To determine whether these results can be
generalized, we develop reduced, analytically
tractable versions of the above model. The first,
modified from (17), represents individuals as
nodes on a network with interindividual commu-
nication represented by a dynamically changing
edge topology. A second (increasingly mini-
malist) approach considers a convention game
of self-reinforcing normative opinion dynamics
(18). These simplified models are nonspatial and
consider discrete (binary) opinions, yet incorpo-
rate key features of the spatial model: (i) Indi-
viduals adopt, probabilistically, the opinion
they perceive to be that of the local majority (this
results in positive feedback reinforcing the pre-
dominant opinion and, consequently, rapid non-
linear transitions from disordered to ordered
consensus states). (ii) The strength of individ-
ual preference manifests as intransigence during
interactions with others.

These models capture the same qualitative
collective features as the spatial model (15).
Figure 2A shows the presence of a sharp tran-
sition from a minority- to majority-controlled
outcome in the network model as the density of

uninformed individuals is increased. Analysis
reveals the dynamical nature of this transition
(Fig. 2B) (15), as well as the large region of
parameter space in which a minority-preferred
outcome switches to a majority-preferred outcome
if sufficient uninformed individuals are present
(white region in Fig. 2C).

In all models, an entrenched minority is ca-
pable of exerting substantial influence by biasing
the perceived consensus. Because they exhibit
little intransigence or intrinsic bias, however, un-
informed individuals will lend support to, and
tend to amplify, a numerical advantage (even a
slight one). If sufficiently numerous, they reduce
the effect of intransigence and inhibit the capacity
for the minority to take hold, thus returning con-
trol to the numerical majority. Consequently,
even a small change in the number of uninformed
individuals can dramatically alter the outcome of
consensus decisions (Figs. 1B and 2A and figs.
S7A and S8) (15). We emphasize that this pro-
cess will tend to inhibit any strong minority

preference, regardless of the intrinsic quality or
value of that view. We conjecture that this phe-
nomenon may be found in seemingly disparate
systems that share those common features out-
lined above (15).

Our theoretical studies make a primary test-
able prediction: Uninformed individuals should
inhibit the influence of a strongly opinionated
minority, returning control to the numerical ma-
jority. To test this prediction, we conducted ex-
periments with golden shiners (Notemigonus
crysoleucas) (Fig. 3A, inset), a strongly school-
ing species of freshwater fish (19). We trained
two subpopulations of individuals (representing
either N1 or N2) to have preferences to move
from a starting location toward either a blue
target or a yellow target (Fig. 3B and figs. S3 and
S4) (15). Under our experimental conditions,
shiners exhibited a spontaneous preexisting bias
toward the yellow target (15, 20), evident in both
training (figs. S10 and S11) and testing (see
results, below). Consequently, we did not need to

Fig. 2. The adaptive-network model
(17, 21–23) provides an analytical-
ly tractable analog to the spatially
explicit model. (A) Network simu-
lations show qualitative agreement
with the spatial model. (B) An ana-
lytical approximation of the model
reveals the dynamical cause of this
transition. For low densities of un-
informed individuals, the minority-
controlled state (red line) is the only
stable attractor. As the proportion of
uninformed individuals increases, the
systemundergoesasaddle-nodebifur-
cation resulting in a stable majority-
controlled state (solid black line) and
an unstable undecided state (dashed
black line). Simulations (blue circles) closely match analytical approximations. (C)
In this phase diagram, we see the outcome of opinion formation as a function of
the ratio of the majority to minority subpopulation (N1/N2) and the relative
strength of the minority preference (equivalent to w2/w1) measured in terms of
the ratio of switching rates [see (15) for details]. The white region of the phase

diagram represents the region in which this saddle-node bifurcation results in a
transition from minority to majority control when sufficient uninformed indi-
viduals are present. The regions denoted “majority” and “minority” represent
parameter space where the N1 or N2 preferences, respectively, are adopted
regardless of the number of uninformed individuals (N3 ∈ [0,∞]).
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Fig. 3. Experiments with
schooling fish demonstrate
support for our hypothe-
sis. (A) When theminority
(N2 = 5) are trained to
the intrinsically preferred
(yellow) target, inclusion
of untrained individu-
als returns control from a
dominating minority to
the numerical majority (18
replicates per data point).
(Inset) A golden shiner is
shown. (B) Image from an
experimental video with
N1 = 6, N2=5, andN3=
10. See fig. S3 and (15)
for further details.
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employ different training regimes to create a
difference in the strength of preference between
our two trained subpopulations (15). A third (N3)
subpopulation was left untrained.

Because our theoretical predictions do not
depend on the absolute number ofN1 individuals
(fig. S2), and due to the time-consuming nature
of training and constraints related to obtaining
enough fish for replication, we set N1 = 6 and
N2 = 5 fish (as in Fig. 1). Our simulations also
predict a large effect for a relatively small number
of naïve individuals (Fig. 1B); thus, we set N3 =
0, 5, or 10.WhenN2 fish are trained to the yellow
(biased) target and all individuals exhibit a
preference (N3 = 0), the minority N2 dictates the
consensus achieved, even though the fish trained
to the blue target are more numerous. However,
when untrained individuals are present, they
increasingly return control to the numerical ma-
jority N1 (Fig. 3A) [generalized linear model
(GLM); likelihood ratio test (LRT)1,52 = 5.60,P=
0.018]. A snapshot from a trial is shown in Fig.
3B. We also performed experiments in which
individuals with the stronger preference were
also in the numerical majority (N1 trained to the
yellow target). As expected (15), the majority
was more likely to win (72% of trials overall),
and the presence of uninformed individuals had
no effect (12, 16, and 11 of 18 replicates forN3 =
0, 5, and 10, respectively; GLM; LRT1,52 = 0.14,
P = 0.71).

Our work provides evidence that uninformed
individuals play an important role in consensus
decision-making: By enforcing equal representa-

tion of preferences in a group, they promote a
democratic outcome. This provides a new under-
standing of how informational status influences
consensus decisions and why consensus decision-
making may be so widespread in nature (4). Fur-
thermore, these results suggest a principle that
may extend to self-organized decisions among hu-
man agents.
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