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1 We consider the method of separation of variables to solve Laplace’s equation.

(a) Explain when the method of separation of variables can be used. [10%]

(b) Consider Laplace’s equation in the polar coordinate system

Ff Lof 197

- A 1
or: ror  r2 962 M

which governs a temperature distribution f(r,0) in the disk r < 2 and 0 < 6 < 2.

Assume a solution of the form f = R(r)X(6). Use the method of separation of variables
to deduce differential equations for R and X. [20%0]

(c) After the separation, a constant k is obtained such that
F (R dR/dr,d*R/dr*) = G (X,dX|d6,d*X |d6*) = k

Eliminate all invalid solutions and hence find the most general solution of Eqn. (1). [30%]

(d) Find the solution of Eqn. (1) with the boundary condition f(2,6) = 2cos(6) +
sin(20). [209%]

(e) Assume the boundary condition at r = 2 is f(2,0) = g(6), where g is an unknown
function of 6. What condition must g satisfy? Explain how you would solve Eqn. (1) with
this boundary condition. [20%]
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2

A model equation for traffic flow assumes that the velocity of the cars is given by

u(x,t) = 1 - p(x,t), where p(x,t) is the density of cars, x is position and ¢ is time.

Furthermore, p(x, t) evolves according the differential equation:

(a)

(b)

dp N d(p(l - p)) _

0
ot ox
Consider the initial condition
I, x>1
p(x,0)=49 x, 0<x<1
0, x<0
(i)  Find p(x, 1) by integrating along characteristic lines. [20%]

(ii) Do discontinuities form in this case? If so, indicate where and when a
discontinuity first occurs, and find the density distribution p at this instant. If
discontinuities do not form, find the density distribution p at t = 1. [20%]

(iii) Sketch the characteristic lines and the trajectories of the cars. [10%]

Consider the initial condition

0, x>0
0 =9 7
p(%0) { I, x<0
(i) Explain why a similarity solution may exist. [10%]

(i) Assume a similarity solution is of the form p(x,t) = f(n), where n = x/t"
and 7 is a constant chosen in order to ensure the similarity solution exists. Find n
and f. [20%]

(iii) What is the meaning of this similarity solution? Write down the solution p for
all x,and ¢ > 0. [20%]
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3 A man wishes to demonstrate a jetpack by jumping off a building with height H,
and landing on the ground a specified time 7T later, with zero velocity. He starts at rest,
and, as he descends, his height i(¢) above ground is governed by the differential equation

d*h
— =—g+ f(t
2 8t fo

where f(¢) is the upward force generated by the jetpack, and g is the acceleration due to
gravity. The cost to run the jetpack is given by:

T
C f F(0)2dt
0

(a) In an initial test, the jetpack is off. Find the time to reach the ground and the final
velocity. [10%]

(b) Formulate a functional J with minima corresponding to the lowest cost strategy for
landing with the jetpack. State clearly what functions J must be minimized with respect
to, and what the appropiate boundary conditions are. [20%]

(c¢)  Use variational methods to minimize J, and hence show that the lowest cost strategy
requires a jetpack force of the form

f=a+bt

where a and b are constants. [20%]

(d) Find the complete form of h(¢), including finding values for all constants of
integration. [30%]

(e) What value of T gives the lowest cost? [20%]
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4 A surface of revolution is created by rotating the curve x = r(z) around the z axis.
The curve extends between —a < z < a, where it has fixed end points, r(+a) = b, and the
surface is closed with disk-shaped caps. It is desired to find the curve r(z) corresponding
to the maximum enclosed volume V for a fixed total surface area A.

(a) Show the optimal curve minimizes the functional

J = fa (r(z)2 + Ar(2)4/1 + r'(z)2) dz

and explain the need for the term containing A. [10%]

(b)  Show that the maximizing curve can be written in the form

z=fg(r)dr

and find the form of the function g(r). [40%0]

(c) Discuss how the values of the constants in the solution could be found. You do not
need to find the values. [10%]

(d) If r(xa) is free to vary, find the new boundary conditions for r, and show they are

satisfied if r(+a) = 0. In this calculation, do not neglect the area of the caps. [20%]
(e) The boundaries are fixed at r(+a) = 0. Find the form of the surface. [20%]
END OF PAPER
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