






3. (a) Lagrangian:

L(x,λ) =
1

2
xTCx− bTx+ (Aλ)Tx− λTf

where λ ∈ Rm.

(b) Stationarity:

∂L

∂x
:= Cx− b+ Aλ = 0

∂L

∂λ
:= ATx− f = 0

In matrix form, �
C A
AT 0

��
x
λ

�
=

�
b
f

�

The first row Cx+Aλ = b, leading to x = C−1(b−Aλ). For the second row, ATx = f
Inserting the expressions for x, ATC−1(b − Aλ) = f which gives −ATC−1Aλ =
f − ATC−1b. The solvability requirement is that A is full rank so that ATC−1A is
invertible.

(c) If we maximise L over λ,

p(x) := max
λ

L(x,λ) =

�
1
2
xTCx− bTx if ATx = f

∞ otherwise
,

From L(x,λ) = 1
2
xTCx− bTx+ (Aλ)Tx− λTf ,

∂L

∂x
= Cx− b+ Aλ = 0

which requires x = C−1(b− Aλ). Inserting this into L, gives g:

g(λ) := −1

2
(b− Aλ)TC−1(b− Aλ)− λTf

(d) Minimising Lmaxλ is equivalent to minimising xTCx − bTx subject to ATx = f .
The solution to our problem therefore involves maximising L with respect to λ and
minimising it with respect to x. A saddle point is a maximum in one direction and
a minimum in the other.

(e) Lagrangian is unchanged,

L(x,λ) =
1

2
xTCx− bTx+ λT (Ax− f)

but we now require that λi ≥ 0. This means that λ ‘penalises’ violations of the
inequality constraint.
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4.

(a) i. [∇×u]k = �klm
∂um

∂xl
, therefore [∇×∇×u]i = �ijk

∂
∂xj

(�klm
∂um

∂xl
) = �ijk�klm

∂
∂xj

(∂um

∂xl
).

Applying the �ijk–δij identity, �ijk�klm
∂

∂xj
(∂um

∂xl
) = δilδjm

∂
∂xj

(∂um

∂xl
)−δimδjl

∂
∂xj

(∂um

∂xl
) =

∂
∂xj

(
∂uj

∂xi
)− ∂

∂xj
( ∂ui

∂xj
) = ∇(∇ · u)−∇ · (∇u).

ii. Taking the curl of the∇×E term, ∇×∇×E = ∇(∇·E)−∇·(∇E) = −∇·(∇E)
(since E is divergence-free). Where therefore have ∇ · (∇E) = ∂

∂t
(∇ × B) =

µ�∂
2E
∂t2

.

We therefore have the vector wave equation µ�∂
2E
∂t2

= ∇ · (∇E). Following the

same process for B yields µ�∂
2B
∂t2

= ∇ · (∇B)

(b) i. ∂
∂xi

�ijkφjuk = �ijk
∂φj

∂xi
uk+�ijkφj

∂uk

∂xi
= �kij

∂φj

∂xi
uk−�jikφj

∂uk

∂xi
= u·(∇×φ)−φ·(∇×u).

ii. Introducing v := ∇× u, we have

�

Ω

w · (∇× v) dΩ+

�

Ω

w · αu dΩ =

�

Ω

w · f dΩ

Note that
�

Ω

w · (∇× v) dΩ = −
�

Ω

∇ · (w × v) dΩ+

�

Ω

v · (∇× w) dΩ

Applying divergence theorem,

�

Ω

w · (∇× v) dΩ = −
�

∂Ω

(w × v) · n dΓ+

�

Ω

v · (∇× w) dΩ

= −
�

∂Ω

v · (n× w) dΓ+

�

Ω

v · (∇× w) dΩ

The weak form is therefore
�

Ω

(∇× u) · (∇× w) dΩ+

�

Ω

αu · w dΩ =

�

Ω

f · w dΩ

iii. From the result in (i), we have

�

Ω

(∇× u) · ψ dΩ =

�

Ω

u · (∇× ψ) dΩ−
�

Ω

∇ · (ψ × u) dΩ

=

�

Ω

u · (∇× ψ) dΩ−
�

i

�

Si

(ψ × u) · n dΓ

=

�

Ω

u · (∇× ψ) dΩ−
�

i

�

Si

ψ · (n× u) dΓ

which requires that the tangential components of u must be continuous across
surfaces. The normal component across surfaces may be discontinuous.

GNW, v0
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