Engineering Tripos, Part IA, 2015

Paper 4 Mathematical Methods

Solutions
Section A: Prof. G. Amaratunga
Section B: Prof. N. S waminathan

Section C: Dr. A.H. Gee
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Data structures

(a) Each vertex requires 24 bytes and each triangle requires 12 bytes. There are 5580
vertices and 11119 triangles. The entire mesh therefore requires 24 X 5580+ 12 x 11119 =
267348 bytes.

(b) A suitable code segment would look something like this.

vertex a, b, c; // vertices of the first triangle
vertex centroid;

a = v_1list[t_list[0].v1];
b = v_1list[t_list[0].v2];
c = v_list[t_list[0].v3];

(a.x + b.x + ¢.x)/3.0;
(a.y + b.y + c.y)/3.0;
(a.z + b.z + ¢.z2)/3.0;

centroid.x
centroid.y
centroid.z

Assessor’s remarks: In (a), the vast majority of candidates were able to calculate the
memory requirements of the triangular mesh. The purpose of (b) was to test manipulation
of data structures, i.e. how to access the first triangle’s vertex coordinates. Unfortunately,
there was a prerequisite requirement to know how to calculate a triangle’s centroid, and
this turned out to be a significant hurdle for many candidates. Only around half realised
it was simply the average of the three vertex coordinates. Others made no attempt at
(b), or recalled geometrical constructions involving the intersection of bisectors and then
attempted to embody these constructions in messy C++. Of those candidates who did
propose the simple vertex average, around half produced correct C++ implementations.

Algorithmic complexity and numerical accuracy

(a) For the recursive Method 1, and taking n = 4 as an example, the pattern of function
calls is as follows:

fibonacci (4)
- )
fibonacci (3) fibonacci (2)
fibonacci (2)  fibonacci (1)  fibonacci (1) fibonacci (0)

fibonacci (1) fibonacci (0)

[3]

[7]



There are O(n) levels of recursion, and the number of function calls doubles at each level
(approximately — the call tree is not symmetric, so “doubles” is the worst case). The
complexity is therefore O(2") (upper bound) and the algorithm is practically useless.

Method 2 is the closed form solution with execution time that does not depend on 7 (as-
suming a constant-time implementation of pow()). Its complexity is therefore O(1).

(b) Method 1 uses integer arithmetic and will be perfectly accurate until f; exceeds the
range of a signed integer. Method 2 uses floating point arithmetic and we can therefore
expect truncation errors. For example, the 46th Fibonacci number is 1836311903, but
Method 2 returns 1836313576.03. Method 2 could be improved, but not made perfect, by
switching to double precision variables.

Assessor’s remarks: In (a), around half the candidates made wild, unsubstantiated guesses
at the algorithmic complexities, scoring zero marks. For the others, the exponential com-
plexity of the recursive function was more problematic than the O(1) complexity of the
closed form solution. It was pleasing to see many of the more thoughtful candidates query-
ing the time complexity of the C++ pow() function: candidates who answered O(n) for
the closed form solution, on the grounds that pow() performs repeated multiplications,
were awarded full marks even though the standard x86 implementation of pow() runs in
constant time. Other candidates even realised that O(2") is not a tight bound for the com-
plexity of the recursive function, and went on to derive the correct tight bound. In (b),
most candidates knew that the integer calculations would be perfect whereas the floating
point calculations would not. Unfortunately, others stated that integers, since they ignored
the fractional parts of the numbers, could not possibly be more accurate than floats. And
others suggested that “mantissa shifting” would introduce errors into integer summations.

Andrew Gee
June 2015

(5]

(51



