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3 (a) FRF shows low modal overlap throughout, with regularly spaced peaks with frequency

ratios 1:3:5:7 etc. There is an antiresonance between every pair of peaks, and low values as
frequency tends to zero, suggesting that there are no rigid-body modes. So it looks like a
driving-point response of some system, and the regular peak spacing suggests that it is a
system obeying the second-order wave equation: a string, or axial or torsional vibration of a
bar. The frequency ratios suggest two possible configurations: (i) the response at the free end
of a fixed-free system (column or torsion bar); or (ii) the response at the mid-point of a
system with fixed boundaries at both ends: a string, or a fixed-fixed column or torsion bar.
This ambiguity makes physical sense: if two fixed-free columns were joined together at the
free ends, the result would be a double-length fixed-fixed column driven at the centre.

The standard modal formula for this FRF would read:

N uSn)uL")
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so that near the nth peak,
Vi uS")ui,") _ Q,,usn)ui.")
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The modes of the fixed-free column just described will be sinusoidal, and the normalised
versions will all have similar magnitudes at the free end. So the peak height will be
proportional to the Q factor and inversely proportional to the frequency. The peak heights
reduce in a regular way, and simple measurement shows that it is consistent with heights (on a
linear scale) inversely proportional to 1,3,5,7 etc. So the data suggests a constant Q factor for
all modes. A 3 dB bandwidth can be estimated for the highest peaks, and gives a value for Q
around 100. [40%]
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Low modal overlap again. Peak frequencies follow a regular pattern, but the get

progressively wider apart: this suggests a bending beam of some kind, with natural
frequencies following roughly as the square of the mode number. There is a peak at very low
frequency, suggesting at least one rigid-body mode. All the even-numbered peaks have
reduced heights compared to the odd-numbered ones, suggesting that either driving or
observation is close to the middle of a symmetrical system. But this is clearly not a driving-
point response because of the pattern of antiresonances. Apart from the even-off pattern, the
peaks heights fall off in a regular way. A candidate system that satisfies all these conditions
is a free-free bending beam, driven near one end and observed close to the centre. Not
exactly AT the centre, because the even peaks are still visible. From the fact that the
antiresonance is always to the left of each low peak, we can deduce that the observation point
is displaced from the centre in the direction of the drive point: see sketch below.  [40%)]
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3 (b) In a real measurement:
(i) peaks may not be precisely regular, because of effects like bending stiffness in a string,
variations of properties along the length, or influence of boundary conditions;
(it) damping would not be exactly independent of frequency;
(iii) peaks might be split into pairs for some kinds of system: for example vibration of a string
or a bending beam can occur in two planes and they won’t be exactly equal in practice;
(iv) a real system may have modes of more than one type (e.g. 2 beam can have bending,
torsional and axial modes) so that the pattern of peaks will be more complicated;
(v) measurements will have some noise, so that antiresonances in particular will not be so
clean;
(vi) measurements might show some electrical interference at multiples of 50 Hz ( for UK
electrical supply);
The last two points are unwanted effects, simply the result of imperfect measurements. The
others all reflect true aspects of the physical system. Measurement noise can be reduced by
averaging of the measurements, and by taking care over the quality of amplifiers etc.
Electrical pickup can be minimised by good use of screening of cables, and care about the
placement of signal cables relative to electrical supply cabling and power supplies of

electrical systems.
[20%]
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3C6 2016 comments

Q1 Rotor, modes and frequencies of 4 degree-of-freedom system

This question related to material from the very earliest part of the course, and the
performance of many candidates was rather disappointing. Many got confused
between relative and absolute displacements, and thus did not get the mass and
stiffness matrices correct. Despite the specific question about symmetry, very few
discussed and exploited the symmetries of the system clearly, which really needs a
sketch. More encouragingly, most succeeded in spotting at least some of the mode
shapes, although not everyone noticed that there was a rigid-body mode.

Q2 Axial vibration of drillstring

Nearly all candidates used the mode-sum formula, forgetting what they had done on
the first problem sheet to get a simpler closed-form answer to this problem. The
mode-sum formula reveals the poles easily, but does not give the zeros: in any case,
disappointingly few remembered that this driving-point response must have a zero
between each pair of poles. Only one candidate answered part (d) correctly: the
frequencies that must be avoided are the antiresonances, not the resonances.

Q3: Interpreting simulated measurements

Quite well done in parts. Everyone saw the regular peaks in the first example, and
associated that with a string or axial vibration. But disappointingly few noticed the
1:3:5 pattern and its consequence for boundary conditions. No-one saw that the
pattern of peak heights was consistent with constant damping for all modes, although
a few did estimate a damping factor for a single peak.

Q4 Cantilever frequencies

The most popular question, and the most well-done. Many were a little hazy about
the exact meaning of the dispersion relation, but almost everyone could derive the
cantilever frequency equation and show the graphical solution. The Rayleigh section
was also well done by most.



