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Question 1

1 (a) A stretched string of length L has tension P and mass per unit length 72. Both
ends of the string are fixed. the distance from one end of the string is v and small amplitude
transverse deflection of the string is denoted y.

(i) By solving the partial differential equation governing free small amplitude
transverse vibration of the string, derive an expression for the mode shapes and
natural frequencies of the string. [20%
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(ii)  Sketch the first three mode shapes of the string.

[10%]

(iii) The string is driven at x = x; by a sinusoidal force of amplitude F at a

frequency @.

Using your result from (a)i) find an expression for the transfer

function Gg(xj.x2. @) from input force F 1o output transverse displacement v

measured at an arbitrary position x> along the string.
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(b)  Two strings of the same length L and mass per unit length m are now connected
at x = L/3 from each of their ends by a light rigid strut, as illustrated in Figure 1. The
tensions of the two strings are Py and P5. For the case P| = P>:

(i) What is the driving point transfer function Gy, at the connection point of the
coupled system? [10%]

(ii)  Sketch the magnitude of G, on a log-amplitude scale. including the first three
110%]
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peaks of the coupled system.
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(iii)  Sketch the first six mode shapes of the coupled system. Identify any mode
shapes that correspond to peaks from your sketch of the transfer function Gj,. [30%]
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Question 2

2 (a) A simple bridge is made using a uniform beam of length L, pinned at each

end. The bridge has a solid rectangular cross section of width b and thickness d, with
Young's Modulus E and density p.

(i) Derive an expression for the mode shapes and natural frequencies of the beam.
[20%]
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(i) What would be the effect on the mode shapes and natural frequencies if the
thickness of the whole beam was increased? Justify your answer. [10%]
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(b) Ttis necessary to modify the bridge so that the first natural frequency is higher. Tt is
proposed that two springs are added to the structure as illustrated in Figure 2. The springs
are both of stiffness & and they are placed a distance aL from each end.
Assuming sinusoidal mode shapes. use Rayleigh’s principle to estimate the

[40%]

(i)
factor by which the natural frequencies of the beam are increased.
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(i) For a = 0.1. which natural frequencies would be most affected in terms of

their absolute frequency change (i.e. not in terms of their fractional change)? [10%]
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(iii) Without detailed calculation, what would happen to the natural frequencies
and mode shapes in the limit as k — e with & small but not zero. [20%]
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ENGINEERING TRIPOS PART IIA—-2017 Module 3C6 —Vibration
Assessor's Comments — D. Cebon 19/5/2017

Question 1 — Coupled strings

Not attempted by many candidates, but those whideiddhis one generally did well. Most found modeses
and natural frequencies for the string. When degwhe transfer function in (a)(iii) many forgotaththe mode
shapes needed to be mass normalized. Most appkecbupling formula correctly for (b)(i) and savatimode 3
would not appear in the sketch of the transfer tionc In (b)(iii) most candidates drew the standseduence of
modes for a single string, only a few saw thatekiea modes would be those with nodes at the cogploint and
would be antisymmetric for the pair of strings.

Question 2 — Beam with added springs

Attempted by most candidates, generally good smisti Most derived the mode shapes and frequenciea f
beam, but not all saw how frequency scaled witmb#ackness. Application of Rayleigh’s principle svhighly
variable: most knew the basic formulation but dat apply it accurately. Note that the examinervaéid for
several definitions of ‘factor increase’ as longfas candidates made clear their definition. Mastdidates could
see that the most affected modes would be wherspghieg was at an antinode of a mode, but whemgjsti
frequencies included modes with a node at the gpFor (b)(iii) only a few saw that the frequencaesd mode
shapes would tend to that of a clamped beam, rétthara pinned beam of shorter length.

Question 3 — 4 beads on a string

Attempted by almost all candidates and mostly detie.

Question 4 — Natural modes of a 3 DoF system

Attempted by most candidates and generally weleddpart (b) was reasonably competent, with mowdidates
finding the correct eigenvalues. Quite a few caiilfind the correct eigenvectors. Rayleigh waseagally good.
The proposed design changes showed reasonablbtirtkigugh quite a few candidates thought thatimytt
dampers in parallel with the tyres would be a gplaah...



