3D4: Structural Analysis and Stability - 2019 Examination Solutions Dr. Sam Stanier (sas229)

Q.1.(a)
Horizontal centroid by inspection: 5.5¢
Vertical centroid by inspection: 4t

Second moment of area, I,,, determined from built-up sections using parallel axis theorem:

Lp=>" Lo+ (As-y?)
<(6t1);t> + (6t -t-0%) (6t1'2t3) + <6t~t~ <4t ;)2”

5o (o)
=[(2)+ ()] [(5) +o] + [(2) + (5]

= 166t*

+

+

Second moment of area, I,,, determined from built-up sections using parallel axis theorem:

Iz;y = Z-ryy + (As 933)
((6?;-:5) N (am (%- ;))]

()« (s (52 ) [(5) o)
(5 ()] (5 [0+ (%)

= 111.5¢*

Second moment of area, I, determined from built-up sections using parallel axis theorem:

Ly = Toy+ (As -2 ys)
e (AL Db e () ()

= —105¢
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Q.1.(b)

Principal second moment of area, I, found where I,; = 0 using Mohr’s circle geometry:

2
1 1
Is = 3 (Lo + Iyy) + \/19231/ T (IN B (2 (aa + Iyu)))

1 1 2
=3 (166t + 111.5¢*) + \/(—105154)2 + (166t4 — (2 (166t + 111.5t4)>)

= 138.8t* 4 108.5¢*
= 247.3t*

Principal second moment of area, I;;, found where I;; = 0 using Mohr’s circle geometry:

2
1 1
oo = 3 e+ i) \/ 2yt (1 (5 et 1))

1 1
= 5 (166t" + 111.5¢%) + \/(—105t4)2 + (166t4 — (2 (166t + 111.5t4)))

2

= 138.8t* — 108.5¢*

= 30.3t*
I« = 30.3t*
| =247.3t
- 0=-37.7°
vy
\IAS
X [~
Q.1.(c)
Orientation of principal second moments of area:
1,
tan (20) = —
Ia:a: - 32 (Iza: + Iyy)
_ —lost?
~ 166t4 — 138.8t4
= —-3.86
S0=-37.7°

From the structures data book, the end deflection of a beam of length L when subjected to uniformly distributed

load (i.e. self-weight) is %L
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5. — sinf - wL* B sind - wL*

SEILL, SE - 30.3t4
wL?
=25x1073%. —
x Etd
5 — cost - wlL* _ cost) - wL*
YT USEIL,,  SE-247.3t4
wL?
=40x107%. —
% Bt
§=1/62+ 67
wL?
=25x1073%. —
% Etd

Q.1.(d) St. Venant’s torsion constant:

1 1
J = Z b3 = [ -6t - t3}+{3-6t~t3]+[3~6t-t3}

= 6t

Q.1.(e) Rotation of the tip at the centroid for unrestrained warping:
TL M -100¢

O=G7~ G

Restrained warping constant, with d taken as vertical distance between flange centroids (7t):

d? (7t)
D= Tl =111 5t
= 1366t°

Characteristic length:

ET  [E-1366t6
=1/ =/ =151 /2(1 t=15.1-126-
A i oo 51-y/2(1+v)-t=15 6-t

=243t

Effective length:
L' ~L—)\=100t —24.3t = 75.7t

Rotation of the tip at the centroid for restrained warping;:
TL M-75.7t M

0, = =12.6—
GJ~ G-6th 6Gt3

Reduction in twist at the tip:

12.6 2
L G2 =0.25
Ou 16.7 2%

Therefore restrained warping results in a 25% reduction in twist at the tip.
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Q.2.(a)
Using Macaulay’s method:
—FEI @ _RAm—i-RB{x—?)} 6{r — 6} — 6{z — 9}
dz2
R R B SR

Applying boundary conditions @ z =0 —-v=0..B=0

Applying boundary conditions @ z =3 — v = 0:
3 _ 913 _ @13 _ 013
OfRA v Rp {z 63} 6{166} 76{:069}

3 _ 3 _ 3 _ 3
7RA37+R {3 63} 76{366} 76{369}

= 4.5RA +3A..A=—-15R4

+ Ax

+ 34

Take moments about C:

12R4 + 9Rp = (6-6) + (6-3)
12R4 +9Rp =54 - Ry = 4.5 — 0.75Rp

Applying boundary conditions @ x =12 — v = 0 given A = -1.5R4 and R4 = 4.5 — 0.75Rp:

_ {z -3} 6{z-6}> 6{z—9}°
0= RA + Rgp 6 6 6

123 {12-3} 6{12-6}* 6{12-9}3
I R

= 288RA +121.5Rp — 243 + 124

=288(4.5—0.75Rp) + 121.5Rp — 243 — 18R 4
=1215—-202.5Rp + 121.5Rp — 243 .. Rp = 12kN

+ Az

+ 124

Determine remaining reaction forces:

Ry =45—-0.75Rp
=4.5-0.75-12 = —4.5kN

Finally, from vertical equilibrium:

Roc=6+6—Rg—Rxg
=6+6—12+4.5=4.5kN
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Q.2.(b)

From part (a):
_ 9213 _ /13 013

_Elv= RA— T Caat) S ) S C) SRS
6 6 6
—_ 3 q q

- —4.5% + 12% — {2z —6}3 — {2z —9)® +6.75z
1
LU= (0.752% — 2{x — 3}® + {x — 6}* + {x — 9}® - 6.752)

3

Q.2.(c)

Maximum deflection where g” =0:

dv_ 1 (2.252° — 6{z — 3}* + 3{z — 6} + 3{z — 9}> — 6.75)
dr  EI

Maximum deflection expected at 6 < = < 9, therefore expand the first two Macaulay brackets:

o
|

=57 (2.252% — 6{z — 3}> + 3{z — 6} + 3{z — 9} — 6.75)

EI

0.752% +47.25) .o = 7.94 m
77 - )

Find deflection at x:

v = 0.752% — 2{z — 3}* + {x — 6} + {z — 9}° — 6.75z)

EI(

1
= 5oqgr (374 — 2411+ 7.3 40 - 53.)

=44%x10°m =44 mm
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