
3D4: Structural Analysis and Stability - 2019 Examination Solutions Dr. Sam Stanier (sas229)

Q.1.(a)

Horizontal centroid by inspection: 5.5t

Vertical centroid by inspection: 4t

Second moment of area, Ixx, determined from built-up sections using parallel axis theorem:

I
′

xx =
∑

Ixx +
(
As · y2s

)
=

[(
6t · t3

12

)
+

(
6t · t ·

(
−4t+

t

2

)2
)]

+

[(
(6t)

3 · t
12

)
+
(
6t · t · 02

)]
+

[(
6t · t3

12

)
+

(
6t · t ·

(
4t− t

2

)2
)]

=

[(
t4

2

)
+

(
147t4

2

)]
+

[(
36t4

2

)
+ 0

]
+

[(
t4

2

)
+

(
147t4

2

)]
= 166t4

Second moment of area, Iyy, determined from built-up sections using parallel axis theorem:

I
′

yy =
∑

Iyy +
(
As · x2s

)
=

[(
(6t)

3 · t
12

)
+

(
6t · t ·

(
−6t

2
+
t

2

)2
)]

+

[(
6t · t3

12

)
+
(
6t · t · 02

)]
+

[(
(6t)

3 · t
12

)
+

(
6t · t ·

(
6t

2
− t

2

)2
)]

=

[(
36t4

2

)
+

(
75t4

2

)]
+

[(
t4

2

)
+ 0

]
+

[(
36t4

2

)
+

(
75t4

2

)]
= 111.5t4

Second moment of area, Ixy, determined from built-up sections using parallel axis theorem:

I
′

xy =
∑

Ixy + (As · xs · ys)

=

[
0 +

(
6t · t ·

(
−6t

2
+
t

2

)
·
(

8t

2
− t

2

))]
+

[
0 + (6t · t · 0 · 0)

]
+

[
0 +

(
6t · t ·

(
6t

2
− t

2

)
·
(
−8t

2
+
t

2

))]
=

[
−105t4

2

]
+

[
0

]
+

[
−105t4

2

]
= −105t4
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Q.1.(b)

Principal second moment of area, Iss, found where Ist = 0 using Mohr’s circle geometry:

Iss =
1

2
(Ixx + Iyy) +

√
I2xy +

(
Ixx −

(
1

2
(Ixx + Iyy)

))2

=
1

2

(
166t4 + 111.5t4

)
+

√
(−105t4)

2
+

(
166t4 −

(
1

2
(166t4 + 111.5t4)

))2

= 138.8t4 + 108.5t4

= 247.3t4

Principal second moment of area, Itt, found where Ist = 0 using Mohr’s circle geometry:

Itt =
1

2
(Ixx + Iyy)−

√
I2xy +

(
Ixx −

(
1

2
(Ixx + Iyy)

))2

=
1

2

(
166t4 + 111.5t4

)
+

√
(−105t4)

2
+

(
166t4 −

(
1

2
(166t4 + 111.5t4)

))2

= 138.8t4 − 108.5t4

= 30.3t4

 

Itt = 30.3t4  

I
ss
 = 247.3t

4
  

θ = -37.7º  

x 

y 

Q.1.(c)

Orientation of principal second moments of area:

tan (2θ) =
Ixy

Ixx − 1
2 (Ixx + Iyy)

=
−105t4

166t4 − 138.8t4

= −3.86

∴ θ = −37.7◦

From the structures data book, the end deflection of a beam of length L when subjected to uniformly distributed

load (i.e. self-weight) is wL4

8EI :
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δs =
sinθ · wL4

8EItt
=
sinθ · wL4

8E · 30.3t4

= 2.5× 10−3 · wL
4

Et4

δt =
cosθ · wL4

8EIss
=

cosθ · wL4

8E · 247.3t4

= 4.0× 10−4 · wL
4

Et4

δ =
√
δ2s + δ2t

= 2.5× 10−3 · wL
4

Et4

Q.1.(d) St. Venant’s torsion constant:

J =
∑ 1

3
· b · t3 =

[
1

3
· 6t · t3

]
+

[
1

3
· 6t · t3

]
+

[
1

3
· 6t · t3

]
= 6t4

Q.1.(e) Rotation of the tip at the centroid for unrestrained warping:

θu =
TL

GJ
=
M · 100t

G · 6t4

= 16.7
M

Gt3

Restrained warping constant, with d taken as vertical distance between flange centroids (7t):

Γ =
d2

4
Iyy =

(7t)
2

4
111.5t4

= 1366t6

Characteristic length:

λ =

√
EΓ

GJ
=

√
E · 1366t6

G · 6t4
= 15.1 ·

√
2 (1 + ν) · t = 15.1 ·

√
2.6 · t

= 24.3t

Effective length:

L
′
≈ L− λ = 100t− 24.3t = 75.7t

Rotation of the tip at the centroid for restrained warping:

θr =
TL

GJ
=
M · 75.7t

G · 6t4
= 12.6

M

Gt3

Reduction in twist at the tip:

1− θr
θu

= 1−
12.6 M

Gt3

16.7 M
Gt3

= 0.25

Therefore restrained warping results in a 25% reduction in twist at the tip.
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Q.2.(a)

Using Macaulay’s method:

−EI d
2v

dx2
= RAx+RB{x− 3} − 6{x− 6} − 6{x− 9}

∴ −EIv = RA
x3

6
+RB

{x− 3}3

6
− 6{x− 6}3

6
− 6{x− 9}3

6
+Ax+B

Applying boundary conditions @ x = 0 → v = 0 ∴ B = 0

Applying boundary conditions @ x = 3 → v = 0:

0 = RA
x3

6
+RB

{x− 3}3

6
− 6{x− 6}3

6
− 6{x− 9}3

6
+Ax

= RA
33

6
+RB

{3− 3}3

6
− 6{3− 6}3

6
− 6{3− 9}3

6
+ 3A

= 4.5RA + 3A ∴ A = −1.5RA

Take moments about C:

12RA + 9RB = (6 · 6) + (6 · 3)

12RA + 9RB = 54 ∴ RA = 4.5− 0.75RB

Applying boundary conditions @ x = 12 → v = 0 given A = -1.5RA and RA = 4.5− 0.75RB :

0 = RA
x3

6
+RB

{x− 3}3

6
− 6{x− 6}3

6
− 6{x− 9}3

6
+Ax

= RA
123

6
+RB

{12− 3}3

6
− 6{12− 6}3

6
− 6{12− 9}3

6
+ 12A

= 288RA + 121.5RB − 243 + 12A

= 288 (4.5− 0.75RB) + 121.5RB − 243− 18RA

= 1215− 202.5RB + 121.5RB − 243 ∴ RB = 12kN

Determine remaining reaction forces:

RA = 4.5− 0.75RB

= 4.5− 0.75 · 12 = −4.5kN

Finally, from vertical equilibrium:

RC = 6 + 6−RB −RA

= 6 + 6− 12 + 4.5 = 4.5kN
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Q.2.(b)

From part (a):

−EIv = RA
x3

6
+RB

{x− 3}3

6
− 6
{x− 6}3

6
− 6
{x− 9}3

6
+Ax

= −4.5
x3

6
+ 12

{x− 3}3

6
− {x− 6}3 − {x− 9}3 + 6.75x

∴ v =
1

EI

(
0.75x3 − 2{x− 3}3 + {x− 6}3 + {x− 9}3 − 6.75x

)

Q.2.(c)

Maximum deflection where dv
dx = 0:

dv

dx
=

1

EI

(
2.25x2 − 6{x− 3}2 + 3{x− 6}2 + 3{x− 9}2 − 6.75

)

Maximum deflection expected at 6 < x < 9, therefore expand the first two Macaulay brackets:

0 =
1

EI

(
2.25x2 − 6{x− 3}2 + 3{x− 6}2 + 3{x− 9}2 − 6.75

)
=

1

EI

(
2.25x2 − 6x2 + 18x+ 18x− 54 + 3x2 − 18x− 18x+ 108− 6.75

)
=

1

EI

(
−0.75x2 + 47.25

)
∴ x = 7.94 m

Find deflection at x:

v =
1

EI

(
0.75x3 − 2{x− 3}3 + {x− 6}3 + {x− 9}3 − 6.75x

)
=

1

2× 104
(375.4− 241.1 + 7.3 + 0− 53.6)

= 4.4× 103 m = 4.4 mm
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