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Question 2

(a)

(b)

(d)

‘H has frequency response

o (1 8 <n/2
H(“-’Jﬂ)—{o 0] > /2

By inverse Fourier transform F!

- : ; wf2 ) 5 5
hy = L/ H(e"’)e’g"d9=i/ ej'g"'a.’t9=M —oo<k<oo
2% f__ 21 J_zpa wk

The filter is not realizable because it is not causal.
The impulse response gy, is given by
gr = hy_wy
where h_y = hy = 1/7, ho =1/2 and wy = we = 0.08, w; = 1. Thus,

gn=0.08/ﬂ, g;=1/2, g2=008/ﬂ'

and
0.08 1 0.08
Yo = —up + JUp— + —Up-z
T 2 T
In comparison to the rectangular window, the Hamming window reduces the ripples

of the final filter. The product between the ideal filter and the window corresponds
to convolution in frequency (duality)
Ge*) = [ H(E*)W ()0 .
27 J_,
The convolution between H and W introduces distortion on the ideal filter frequency
response.

From the difference equation the transfer function reads
008 1 0.08
G — il | o =2
(z) = 5 + z
We compute
Gty = 108 L 1o 008 oo
T 2
———Li weﬂ + l + %6—19
T 2 T
o (1 0.16
=0 - 4 ==
e (2 + - cos(B)) .

which gives linear phase —6 and magnitude 1 + 218 cos(6) =~ 0.5 + 0.05 cos(6). The
magnitude plot starts at 0.55 and decreases monotonically to 0.45.



(e.i) We have

1 0.08

j2/37y _ ,—j2/3w —~ —j2/3n
G(e }=¢€ (2 - )_0.47’& .

Thus, the steady state response is

m:gm@ﬂﬁmm(%%+mgawwm):ogum(%ﬁk—n) k=0

(e.ii) We have

Ce®) = G(1) = % + g ~ 055 .

For a step input of magnitude one the steady state response is

yr =055 k>0

(e.ii) G is a finite impulse response filter therefore it reaches steady state in Af = 2 steps.
For u_» = u_; = 0, using the difference equation or the impulse response of the

filter, we get

Yo = w =~ 0.025
T
008 1
= —— 4 — =~ (.52
i - -+ 3 0.525
vy = 0.08 l i 0.08 ~ 0.55
e 2 T

g =055 k>2
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Question 3

(a)

(c)

Compute G.(s) for
z=1

which gives
10° _ 107423

Gy(z) = =
103:_:,1_ (106 (:T:I)2 +50. 103% + 105) (z—=1)(1.152%2 — 2.05z + 1)

Sampling introduces periodicity in the sampled signal spectrum. If the sampling
period does not satisfy Shannon theorem, the sampled signal spectrum overlaps
introducing distortion known as aliasing. For instance, let [0,wmqz] be the signal
spectrum and wy be the sampling frequency: the left figure below shows a sampled
spectrum (periodic) not affected by aliasing; the right one shows aliasing introduced
by sampling at insufficient sampling frequency.

t G, UUH

— S s 1 O -

|:""'"Iﬂ.l: w"!l’lr “'"IHNI.J'l wrm::

In the time domain aliasing occurs when sampling of two different analog signals
gives the same sequence of samples, producing the same signal at reconstruction.
This case is illustrated in the figure below.

From Shannon sampling theorem the maximum admissible sampling period for the
bandwidth 20 — 200Hz is Tiner = 1/400s = 0.0025s. The sampling period T < T
is thus sufficient to avoid aliasing,.

The subwoofer resonance is centered at about 50Hz. At that frequency the filter
F(z) makes a sharp correction of —16dB, removing the resonance peak.

For instance, the finite impulse response filter F{z) has two zeros Z = 0.975e/%!"
and Z* = 0.975e7%!" near the unit circle:

¢ |Z -7 = 0.025 and |Z* — &¥%17| < 0.27 (using the arc length as a straight-
forward bound). It follows that

|F(e”'™)| < 10-0.025 - 0.27 ~ 0.16 == —16dB ;



e The sampling period T = 0.001 gives a maximal spectrum bandwidth of 500Hz.
Thus, the normalized frequency 0.17 corresponds to the frequency

w=0.1ﬂ"? = H0Hz .

At lower frequencies, the filter magnitude is close to unity, not affecting the sub-
woofer behavior (for example F{1) ~ 10-0.17 - 0.17 =~ 1).

Nyquist eriterion: the closed-loop will be stable if {and only if) the number of
counter clockwise encirclements of the —1/k point by G4(e’®) as # increases from 0
to 27 is equal to the number of open-loop unstable poles.

For the complete Nyquist diagram please refer to the figure below. We have added
a large semicircular arc in the clockwise direction connecting the upper branch to
the lower branch since G4(z) has a pole in 1.

The Nyquist diagram crosses the real axis at about —0.005. The open loop transfer
function has no unstable poles therefore we look for gains k for which the Nyquist
diagram does not encircle —1/k. By the Nyquist criterion the closed loop is stable
for 0 < k& < 200 (no encirclement). The closed loop is unstable for &£ > 200 and for
k < 0 (one encirclement).
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