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EGT2
ENGINEERING TRIPOS PART IIA

Wednesday 24 April 2019 2 to 3.40

Module 3C5

DYNAMICS

Answer not more than three questions.

All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is indicated
in the right margin.

Write your candidate number not your name on the cover sheet.

STATIONERY REQUIREMENTS
Single-sided script paper

SPECIAL REQUIREMENTS TO BE SUPPLIED FOR THIS EXAM
CUED approved calculator allowed
Attachment: 3C5 Dynamics and 3C6 Vibration data sheet (6 pages).
Engineering Data Book

10 minutes reading time is allowed for this paper at the start of
the exam.
You may not start to read the questions printed on the subsequent
pages of this question paper until instructed to do so.
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1 The motion of a rigid body is described by its linear momentum p and its moment
of momentum hP. The body is subject to an external force F(e) and to an external couple
Q(e). Moments are taken about a general moving point P whose motion is described by
the position vector rP.

(a) Beginningwith Newton’s laws for a particle derive the standard results for themotion
of a rigid body:

(i) F(e) = Ûp [25%]

(ii) Q(e) = ÛhP + ÛrP × p [50%]

(b) Show that a special result holds when P coincides at all times with the centre of
mass of the body. [10%]

(c) Show that a special result holds for moment of momentum about the contact point
P when a ball is rolling on a horizontal rotating turntable. [15%]
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2 A light rigid frame ABCD has four small particles each of mass m fixed at points
A, B, C and D as shown in Fig. 1. Relative to Cartesian axes Oxyz the coordinates of the
points are as follows: A is (a,0,2a); B is (a,0,0); C is (−a,0,0) and D is (−a,2a,0).

Find:

(a) the inertia matrix of the frame at O referred to axes (x, y, z); [30%]

(b) the (x, y, z) coordinates of the mass centre G of the frame; [10%]

(c) the inertia matrix at G referred to axes parallel to (x, y, z); [30%]

(d) the inertia matrix at B referred to axes parallel to (x, y, z); [20%]

(e) one of the principal moments of inertia at B. [10%]
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3 (a) A solid ball of radius a amd mass m is rolling without slip on the inner surface
of a vertical cylinder of radius R as shown in Fig. 2. The ball is in steady motion so that
the contact point P moves in a horizontal plane at speed vP.

(i) Use a no-slip condition at P to determine constraints on the angular velocity
of the ball. [25%]

(ii) Find all components of the angular velocity of the ball. [25%]
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Fig. 2

(b) (i) Within the context of Lagrange’s equation, explain why the generalised
velocities Ûqi(t) and the generalised displacements qi(t) are considered to be
independent variables, even though the velocities can clearly be obtained as the
time derivatives of the displacements. [25%]

(ii) Give an example of a system in which the kinetic energy is a function of
both the velocities and the displacements of the system. Show that in general the
Lagrange equation for this type of system has the form∑

j

{
∂2T
∂ Ûqi∂ Ûq j

Üq j +
∂2T
∂ Ûqi∂q j

Ûq j

}
−
∂T
∂qi
+
∂V
∂qi
= Qi , i = 1,2, . . . ,N

where the symbols have their usual meaning. Will the second term on the left hand
side of this equation provide damping to the system? [25%]
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4 A chain of length L and mass m per unit length hangs freely under gravity from a
fixed point. A horizontal excitation force F(t) is applied to the base of the chain. Small
lateral (horizontal) displacement w(x, t) of the chain is modelled by a two term series so
that

w(x, t) = (x/L)q1(t) + (x/L)
2q2(t)

where x is measured downwards from the top of the chain and q1(t) and q2(t) are
generalised coordinates. The potential energy of the chain is given by

V =
1
2

∫ L

0
P(x)

(
∂w

∂x

)2
dx

where P(x) is the tension in the chain in the equilibrium position. The acceleration due to
gravity is g.

(a) Use Lagrange’s equation to show that the two equations for small motion of the
chain can be expressed in matrix forms as

mL

[
1/3 1/4
1/4 1/5

] (
Üq1
Üq2

)
+ mg

[
1/2 1/3
1/3 1/3

] (
q1
q2

)
=

(
F
F

)
[40%]

(b) If a single degree of freedom model is employed, using q1(t) alone, demonstrate
that the resulting equation of motion is identical to that of a hanging rigid rod, and can be
expressed in terms of the moment of inertia and the mass of the rod. Derive an expression
for the natural frequency of the chain using this model. [10%]

(c) Derive the natural frequencies of the chain using the two degrees of freedom q1(t)
and q2(t). [35%]

(d) Exact results for the first two natural frequencies are known for the chain, and they
are given by ω1 = 1.202

√
g/L and ω2 = 2.76

√
g/L . Comment on the accuracy of your

results in the light of these values, and explain how the model could be further improved. [15%]

END OF PAPER
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