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Engineering Tripos Part TA 2002
Paper 4 (Mathematical Methods) Section C
Model Answers

Note that the text of the questions has been abbreviated. The official full text is available separately.

Question 10

C10 a i.

Convert 3145728.0 to IEEE float. [5 marks]

This is an integer. Converting it to binary yields 11,0000,0000,0000,0000,0000, which is 1.1 - 221 The IEEE
exponent is 214127=148 (bias to allow for negative exponents). Including one bit for the sign, and dropping
the first 1 of the normalized mantissa, we write it all down as 0 10010100 10000000000000000000000.

C10 a ii.

Consider this C+4+ code segment. Why do strange things happen with tan(x) and tan(y)?
[4 marks]

The number 1.5707963 can’t be represented exactly, neither as float nor as double, although the double will
be a more accurate representation since it has twice as many bits. Same goes for the tangent.

Having said that, that number is almost 7/2, whose tangent is infinite. So this is an ill-conditioned numerical
problem. This is why the two results are so wildly different.

C10bi.

Describe the algorithm used in the supplied FindRoot () function and identify the role of the main
variables. [5 marks]

The bisection method is used to find the root.

The solution is always between low and high. At each iteration, the search interval is halved, and we check
whether the root is in the lower or upper half. We exit when the size of the interval is smaller than the required
precision or when (if ever) we land on the exact root.

The condition inside the if statement checks whether the signs of £_low and f_mid are same or opposite.
Meaning: if opposite signs, then the root is between low and mid.

The main variables are as follows:

e low and high define the interval for the root.

mid is the midpoint of that interval.

£_low and f_mid are the images of low and mid via the function f(z) = square — .

e precision is the upper bound for the error we accept on the solution.

e square is the number of which we wish to find the root.

C 10 b ii.
What is the accuracy of the solution and how many times will the while-loop execute? [3 marks]

Assuming the input is within range, the maximum distance between the solution and the actual root will
be half the size of the final interval, i.e. 0.000005.

LA



The initial interval is from 0.1 to 10. This is halved at every iteration, and the program stops when the size
of the interval goes below 0.00001. This happens in [log, é%gg(‘)ll] = 20 iterations. (It may stop earlier if it hits
on the solution exactly, but this is statistically unlikely.)

Regardless of the input value, and even if the input is out of range, the program will still stop after at most
20 iterations—it won’t loop forever.

C 10 b iii.
In what range must the root lie to get a solution? When will the algorithm fail to find the correct
solution? [3 marks]

A solution will always be produced no matter what. However, for a correct one, the root r (not the input!)
must be such that 0.1 <r < 10.

Inputs (not roots!) outside the range 0.01 to 100, including of course negative ones, will fail to produce a
correct solution.

Question 11

C11 ai.
Identify bugs in the supplied LeastSquares() function and correct them. [8 marks]

e The variables sum_... are never initialized. They should be initialized to 0.

e The for loop has an off-by-one error: it should count from 0, not from 1, or it will miss the first element
of the array.

o The semicolon at the end of the header (1st line) shouldn’t be there.

e The semicolon at the end of the for line shouldn’t be there, or the bit that follows will be taken to be
outside the body of the loop.

e A close curly bracket is missing before the data.a =... section, to conclude the body of the loop.
e The a in the last expression is a typo for data.a.

e The data variable is passed by value, but should be passed by reference (ModelData¥ data in the header)
otherwise no result will be returned to the calling program.

C 11 a ii.
Write a C++ definition for ModelData. [4 marks]

#define SIZE 100
struct ModelData {
int n;
float x[SIZE];
float y[SIZE];
float a;
float b;

3]
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C 11 b.

What is meant by algorithmic complexity? [3 marks]

An estimate of the running time of the algorithm as a function of the size of the input when the size of the
input tends to infinity. Only the dominant term is taken into account, ignoring smaller ones and multiplicative
constants.

C1l1lbi.

What is the complexity of the least-squares algorithm? {2 marks]
A constant amount of computation is performed for each of the n points, so O(n).

C 11 b ii.

Describe an algorithm for sorting the pairs and state its complexity. [3 marks]

The exchange-sort algorithm sorts a list of n elements using n passes. In the first pass we look at the whole
list, find its smallest element, and put it in the first position, exchanging it with whatever was there. At each
successive pass we look at the rest of the list, find the minimum of that and put it in the first position of the
sublist. The loop invariant is that, at the end of pass i, the first ¢ elements are sorted.

The complexity is O(n?) because the operation of finding the smallest element of a sublist is O(n) and it
has to be repeated once for each of the n passes.
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