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This question on vector integration and potentials was answered well. Few respondents were
able to draw good diagrams of the potential contours in part (a). Most chose to answer (b) by
solving the line integral which they did very well. | was surprised that they did not point out the
change in potential, and worry that some may not have done so because it seemed too obvious.
Part (c) on the definition of "conservative" and "solenoidal" gave no problems. Most solved part
(d) on the vector potential of a vector field by inspection rather than rigorous analysis.
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Many who tried to use Gauss’ theorem in part (c) in order to turn the integration into one with

respect to vector area ran into problems, it becoming clear that many still have not quite grasped

the concept of integration with respect to vector area. Students who ignored Gauss{ theorem did
better, perhaps because dV is not a vector increment. The other parts of the question were

answered well.
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This question on the wave equation should have been quite straightforward but marks were low
and it seems partly that candidates were confused by what was expected of them in part (c), and
partly by the nature of travelling versus standing waves. Most candidates attempted a solution of
the wave equation from first principles, and some seemed to confuse themsevels by looking for
the exceptional case when this is in fact a standard solution. ”
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A popular question - few candidates did not attempt it. The most difficult part seemed to be part
(a), the naming of the pivots. It really is worth getting this right: if one thinks there are only two
pivots, then it becomes tougher to get marks in the rest of the question. Most candidates
managed the LU decomposition of part (b) correctly, then there was the usual spread of
performance on parts (c) (solution of the matrix equation) and part (d).
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Solutions to Part 1B Paper 7 Section B (Q5) and Section C, 2003

5. QR-decomposition

(a) Relationship may be written as

2 2 2 0
2 4 -2 |x=|5
2 -1 3 6

[2]
(b) Need to do QR decomposition
IS T N R
ql—\/g . Q2—\/§ 0 Qs = \/6 9
The overall decomposition is
L [v2 VB [ 6v2 —3v2 3v2
A=—|V2 -3 1 |—=| 0 6/3 43
Ve V2 o 0 -2 A 0 -6
[10]

(c) Since A is square and of full rank, there is a unique, exact, solution.

Ax = b
QRx = b
Rx = Q'b
Hence
6v2 —3v2 3v2 112
[ 0 63 4\/§}x:{—5\/§}
0 0 -6 -7
So

8
1
Xx=—1 —29
18[ 91 }

Check by substituting into original relationship.

1




[Examiners comments:
This question tested the students knowledge of QR decomposition and how it may

be used. The results on this question were disappointing, given that the question
was very straight-forward. Many candidates appeared to use an algorithm that they
memorised to do the QR decomposition with little understanding of what they were
expecting as a result. Very few checked that the matrix derived was orthonormal,
nor that the relationship derived was appropriate for the data given in the question.
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6. Discrete Fourier Transforms
[ For this question due to the wording it was also acceptable to consider the period
as T/N |
(a) The frequency of the highest order harmonic is %Q Hz. [4]

(b) Summation expression for components of the Fourier transform (from data book)

N-1 )
Fk — ane—]nk%r/N

n=0
N-1 _
= Y sinh(nT)emk2m/N

n=>0
Question asks for magnitude
N-1

|Fi| = | Y sinh(nT)e imk2r/N

n=0

(c) Expressing in trignometric functions

=

F, = sinh(nT)e~7mk2r/N

Z 3
Ly

(enT _ e—nf) e—ink2m /N

3

Il

— DO =

Ni: (en(T~jk27r/N) - 6—n(T+jk27r/N))

n=:0

DN

This is the sum of two geometric expressions

5 n(T—jkan/Ny _ 1 — eN(T—jk2m/N)
n>::o ’ T — g(T—jk2n/N)

1 - 6NT6jk27r

1 — elT—jk2n/N)
1 — eNT

1 — e(T—jk27/N)

Similarly for the second term gives

Fw . 1 1 — €NT 1 o €_N7’
BT 1 — e(T—jk2n/N) | _ o(~T—jk2n/N)

1 (1 - eNT)(l o 6(—T-jlc?7r/N)) o (1 = 6~NT)(1 . e(ijk'QTr/N))

- 2 < 6~jk27r/N(ejk27r/N + e—dk2n/N _ T _ e—-T) >

3




(1 — eNT)(eik2m/N _ eT) — (1 — e=NT)(eik2m/N _ eT)
eik2m/N | o—jk2n/N _ T _ ,—T

cos(k2m /N) — cosh(T)
(sinh(T) + sinh((N — 1)T) — (cos(k2r/N) + j sin(k27 /N)) sinh(NT))

1

2

1 /el —e T 4 o(N-1)T _ (~(N-1)T _ eIh2m/N (NT _ o= NT)
g )
1

2 cos(k2m /N) — cosh(T)

[Examiners comments: [10]
A very unpopular question on discrete fourier transforms. Some students moved the
magnoitude sign inside the summation. Only a few got the geometric progression,
despite this being similar to an example paper question. ]




7. Fourier Transforms and Probability

(a)(i) Taking the inverse Fourier transform directly

ft) = %T—/—ZF(w)ej‘”tdw

= 517—;/4(1 + cos(w))e“tdw

_ 1 /7r }(zejwt+€jw(1+t)+ejw(t—1))dw

o1 Jor 2
112 . 1 ' 1 , i
= | Zpwt b Gw(14t) Jw{t—1)
A L’te i1+ T LT
L [, sin(mt) _sin(r(1+41¢)) _sin(n(t - 1))
= |4 2 2
4 ( t + 1+1¢ + t—1

= —;— (2sinc(nt) + sinc(n (1 + t)) + sinc(7(t — 1)))

[ If desired this may be further re-expressed using

sin(mt +m) = sin(wt) cos(r) + cos(rt) sin(r)
= —sin(nt)
Similarly
sin(mt — ) = sin(rt) cos(m) — cos(7t) sin(r)
= —sin(mt)
So

J

(ii) From Lecture Notes

and




Initially delay and then scale in time so that the function lasts twice as long (a = 3)

_ ) 2(14cos (2w)) emdwer T <w<ZI
Flw) = { 0 otherwise

[Question is not clear as to whether the time delay is scaled as well. If time delay
not scaled then

F(w) = 2(1+ cos (2w)) e=3v7

) (6]
(b) (i) Probability both balls greeen
3 2 3
P(G,G) = ¢ x = = 55 = 0-107
(3]
(ii) Probability both balls are red
5 4 5
So probability that both balls the same
13
P(G,G) + P(R,R) = 55 = 0-464
3]

[Examiners comments:

A popular and generally well done question. The question tested the students knowl-
edge of the inverse Fourier transform and the effects of time delay and scaling on the
spectrum. A few candidates had difficulty with the straight-forward (and standard)
integration. A large number could not correctly derive the spectrum after 3 delay
and scaling. In particular few could correctly interprete the effects of scaling in time.
The simple probabilty questions in the second section were well answered. |




8. Binomial and Poisson Distribution

(a) Probability that two bulbs fail

P(2 fail) = ( 122 ) (0.01)*(1 - 0.01)" = 0.0060

[Alternative answer, depending on reading of question, is that two or more bulbs fail
hence

12

P(> 2 fail) = 1 — <(1 = 0.01)" + < 1

) (0.01)(1 — 0.01)“) = 0.0062

] [4]
(b) The Poisson distribution can be used to approximate the Binomial distribution
provided that

 number of events n is large (normally n > 50)

e probability of event, p, occuring is small (normally p < 0.1) 3

(c) Probability that 5 or more light bulbs out of 1000 fail - using Poisson distribution,

2\
Ty . —A
P(T‘ fall) = € F

with mean A = 1000 x 0.01 = 10 is

P65 1fail) = 1 (P(0 fail) + P(1 fail) + P(2 fail) + P(3 fail) + P(4 fail))

i w 1+10+102+103+104
- ¢ 1 2 T T

= 0.9707

[ Alternative approach is to use the Binomial expansion -

PZ51hail) = 1 (P(0 fail) + P(1 fail) + P(2 fail) + P(3 fail) + P(4 fail))
= 1 —(0.0000 +0.0004 + 0.0022 + 0.0074 + 0.0186) = 0.9713

] (6]

(d) Using the Poisson approximation the mean and the variance are the same
pw=oc*=10
The exact solution from the binomial distribution

#oo= np=1000 x 0.01 = 10
0" = mnpg=1000 x 0.01 x 0.99 =9.9

)

7




(e) Assume that the light bulb will have the same probability of failing in the second
block of ten hours as the first. Using the poisson distribution approximation, double
the time period will double the value of A. Hence

pw=0c%=20

[Examiners comments:

A popular and generally well done question. This question examined the candidates
knowledge of the Binomial and Posson distribution. A number of candidates proposed
a normal distribution as a good approximation without considering that the binomial
distribution is discrete and that for DeMoivre-Laplace theorem npq >> 1 which is
not the case here. |



